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�°Óâ��Å =Ó þÌ â �°�³Ìæ

:�ê γ �� � ã°ÈÜÂ� �Ðß� °É (H, ͭ,∞)Ϝ

ϕ γ °ã ��ß��³íĄЄß�â�Ë íâ³ĉ � �ā [ͭ,∞)Ϝ
ϕ q : R+ → R °ã ��ÂÂ�� ê� �â³ý³Ì« ªòÌ�í³ÓÌ Ð§ γϜ
ϕ qͭ = ͭϗ q °ã �ÐÉê°ÉïÐïãϜ
ϕ `� �ïßú� γ ��É �� ß��Ðú�ß�� §ßÐÈ q ïã°É¨ :Ð�ûÉ�ßВã
�°§§�ß�Éê°�Â �Þï�ê°ÐÉϖ ∂ê¨ê(Ć) = ͯ/(¨ê(Ć)−qê)ϗ ¨ͭ(Ć) = ĆϜ

ϕ q� ã�ā ê�ê γ °ã ê� �°Óâ��Å =Ó þÌ â �òâý  �ß°ú�É �ā qϜ

+ÉêßÐ�ï��� �ā ϯ:Ð�ûÉ�ß ДͱͲ @�êϞ �ÉÉϞϰϜ

ͯ
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c°  �°Óâ��Å =Ó þÌ â  Ì â«Ą ϲtϟ ϰͱϱϳ

� ⊂ C � ã°ÈÜÂā �ÐÉÉ��ê�� �ÐÈ�°Éϗ �,� �ß� êûÐ �ÐïÉ��ßā ÜÐ°Éêã Ð§ �Ϝ

a

b

D
� ' : D ! H

0

H

'(�)
'(a) = 0,'(b) = 1

q� ��đÉ� ê� =Ó þÌ â  Ì â«Ą Óª � æ³ËßÅ  �°Óâ� γ ³Ì (�,�,�) êÐ ��

+�,�,�(γ) := +H,ͭ,∞(ϕ(γ)) := +(q) :=
ͮ
ͯ

∫ ∞

ͭ
q′(ê)ͯ�ê

= ãïÜ
ͭ=êͭ<êͮ<···<êÉ

ͮ
ͯ

É∑

°=ͮ

(q(ê°)−q(ê°−ͮ))ͯ
ê° − ê°−ͮ

û�ß� q °ã ê� �ß°ú°É¨ §ïÉ�ê°ÐÉ Ð§ ϕ(γ)Ϝ

ͱ
































































=Ó þÌ â ÅÓÓß  Ì â«Ą ϲYÓ°� Ϛ tϟ ϰͲϱϳ

0�
z 7! z2

0
10

�

H

C \ R+

+:(γ ∪ R+,∞) := +C\R+,ͭ,∞(γ).

@Ðß� ¨�É�ß�ÂÂāϗ û� ��đÉ� ê� =Ó þÌ â  Ì â«Ą Óª � æ³ËßÅ  ÅÓÓß
γ : [ͭ, ͮ] #→ Ĉ ßÐÐê�� �ê γͭ = γͮ êÐ ��

+:(γ, γͭ) := Â°È
ε→ͭ

+Ĉ\γ[ͭ,ε],γε,γͭ
(γ[ε, ͮ]). �0

�"

Y Ë�âÂæϙ +:(γ, γͭ) = ͭ °§ �É� ÐÉÂā °§ γ °ã � �°ß�Â�Ϝ

+§ ϕ ∈ SZ:(ͯ,C)ϗ ê�É +:(ϕ(γ),ϕ(γͭ)) = +:(γ, γͭ)Ϝ
ͮͯ
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.ϟ �³â³�°Å í  Ì â«Ą Óª ÅÓ«Є� â³ý�í³ý æ Óª �ÓÌªÓâË�Å Ë�ßæ

"Ðß � ⊂ Cϗ û� ûß°ê�

D�(ϕ) :=
ͮ
π

∫

�
|∇ϕ(Ć)|ͯ �Ćͯ.

c° Óâ Ë ϲtϟ ϰͳϱϳ
+§ γ Ü�ãã�ã êßÐï¨∞ϙ û� �ú� ê� °��Éê°êā

+:(γ,∞) = DH(ÂÐ¨ |§′|) +DH∗(ÂÐ¨ |¨′|).

f (1) = 1

g(1) = 1�
H H

H
⇤

H
⇤

`� °��Éê°êā °ã ß�Â�ê�� êÐ Z:�Ϣ#"" �ÐïÜÂ°É¨ã �ïê ê� ÜßÐÐ§ °ã Üïß�Âā �É�Âāê°�Ϝ
"ïßê�ß �ÐÉÉ��ê°ÐÉ êÐ Z:�Ϣ#"" �ÐïÜÂ°É¨ã °ã ãêï�°�� °É ϯp°¿ÂïÉ�ϙ qϞ ͳϰϜ

ͮͱ
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..ϟ =Ó þÌ â �Ì â«Ą ýæϟ � í âË³Ì�Ìíæϙ í°  æ íЄòß

ϕ ¨ͭ(Ć) = ͱ
(ͮ+|Ć|ͯ)ͯ /Ćͯ ��ÉÐê�ã ê� ãÜ�ß°��Â

È�êß°� ÐÉ Ĉ ! Zͯϡ
ϕ ¨ х �ͯϕ¨ͭ �� � È�êß°� �ÐÉ§ÐßÈ�ÂÂā �Þï°ú�Â�Éê
êÐ ¨ͭϗ ϕ ∈ �∞(Zͯ,R)ϡ

ϕ γ � �∞ æËÓÓí° ã°ÈÜÂ� ÂÐÐÜ °É Zͯϡ
ϕ �ͮ �É� �ͯ êûÐ �ÐÉÉ��ê�� �ÐÈÜÐÉ�Éêã Ð§ Zͯ\γϡ
ϕ ∆¨(�°) ê� :�ÜÂ���Ё�Âêß�È° ÐÜ�ß�êÐß û°ê
�°ß°�Â�ê �ÐïÉ��ßā �ÐÉ�°ê°ÐÉ ÐÉ �°Ϝ

D1

D2

�

ͮʹ
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..ϟ =Ó þÌ â �Ì â«Ą ýæϟ � í âË³Ì�Ìíæ

H(γ,¨) := ÂÐ¨/2iζ∆¨(Zͯ)−ÂÐ¨ �ß��¨(Zͯ)−ÂÐ¨/2iζ∆¨(�ͮ)−ÂÐ¨/2iζ∆¨(�ͯ)

c° Óâ Ë ϲtϟ ϰͳϱϳ
+§ ¨ = �ͯϕ¨ͭϙ û� �ú�Ϙ

ͮϜ H(·,¨) = H(·,¨ͭ)ϙ °Ϟ�Ϟ H ÐÉÂā ��Ü�É�ã ÐÉ ê� �ÐÉ§ÐßÈ�Â �Â�ãã Ð§ ¨ϣ
ͯϜ :�ê γ �� � ãÈÐÐê 6Ðß��É �ïßú� ÐÉ ZͯϞ q� �ú� ê� °��Éê°êā

+:(γ, γ(ͭ)) = ͮͯH(γ,¨ͭ)− ͮͯH(Zͮ,¨ͭ).

VâÓÓª ]Â í�°ϟ
�ã�� ÐÉ ê� VÓÅĄ�ÂÓýЄ�Åý�â ĉ ªÓâËòÅ� û°� �ÐÈÜïê�ã �ĀÜÂ°�°êÂā
ÂÐ¨∆¨ͭ(�ͮ)− ÂÐ¨∆¨ͭ(Dͮ) °É ê�ßÈã Ð§ ã��Â�ß �ïßú�êïß�ãϗ ¨�Ð��ã°�
�ïßú�êïß�ãϗ �É� ÂÐ¨ |§′| Ð§ � �ÐÉ§ÐßÈ�Â È�Ü § : Dͮ → �ͮϜ

eã� ê� °��Éê°êā ��êû��É ê� �°ß°�Â�ê �É�ß¨ā Ð§ ÂÐ¨ |§′| �É� +:Ϝ
ͮ͵
































































hÌ³ý âæ�Å =³Óòý³ÅÅ  ��í³ÓÌ

f

g

g(1) = 1

D

D⇤

D

D⇤

' := g�1 � f |S1
�

c° Óâ Ë ϰc�Â°í�¿�Ì ӄ c Ó ЕͰͶ C ËÓ³â �C]ϱ
`� òÌ³ý âæ�Å =³Óòý³ÅÅ  ��í³ÓÌ ]ͱ : `ͭ(ͮ) → Rϗ

]ͱ([ϕ]) :=
∫

D

∣∣∣∣
§′′
§′ (Ć)

∣∣∣∣
ͯ

/Ćͯ +
∫

D∗

∣∣∣∣
¨′′
¨′ (Ć)

∣∣∣∣
ͯ

/Ćͯ + ͱπ ÂÐ¨
∣∣∣∣
§′(ͭ)
¨′(∞)

∣∣∣∣

°ã � ;�°Å â ßÓí Ìí³�Å §Ðß ê� q�°ÂЁS�ê�ßããÐÉ È�êß°�Ϝ

ͯͲ
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...ϟ =Ó þÌ â �Ì â«Ą ýæϟ t ³ÅЄV í âææÓÌ áò�æ³�³â�Å æ

f

g

g(1) = 1

D

D⇤

D

D⇤

' := g�1 � f |S1
�

c° Óâ Ë ϲtϟ ϰͳϱϳ
� �ÐïÉ��� ã°ÈÜÂ� ÂÐÐÜ γ �ã đÉ°ê� :Ð�ûÉ�ß �É�ß¨ā °§ �É� ÐÉÂā °§
[ϕ] ∈ `ͭ(ͮ)Ϟ @Ðß�Ðú�ßϙ

+:(γ) = ]ͱ([ϕ])/π.

Y Ë�âÂϙ `°ã °ã ÜßÐú�� ïã°É¨ ê� °��Éê°êā û°ê /2iζ∆ϗ �ïê ê�ß� °ã ÉÐ ÈÐß�
ß�¨ïÂ�ß°êā �ããïÈÜê°ÐÉϜ

ͯͳ
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Interplay between Loewner and Dirichlet energies:

conformal welding & flow-lines (joint with F. Viklund, KTH)

Yilin Wang (ETH Zürich & MIT)
August 10, 2020

Modern Aspects of Complex Analysis and Its Applications, in honor of John Garnett and
Don Marshall.


































































Cutting and welding identity

Let Ï œ E(C) µ W 1,2
loc

(C) µ VMO(C), f , g conformal maps from H,Hú

onto H, Hú fixing Œ.

f

g
⌘

0

00

1

1

H

H
⇤

H

H
⇤

e
2u
dz

2

e
2v
dz

2

e
2'(z)

dz
2

We have e2Ï œ L1
loc

(C) and the transformation law:

u(z) = Ï ¶ f (z) + log |f Õ(z)| , v(z) = Ï ¶ g(z) + log |g Õ(z)| ,

such that e2udz2 = f ú(e2Ïdz2), e2v dz2 = gú(e2Ïdz2).

7
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Cutting and welding identity, cont’d

f

g
⌘

0

00

1

1

H

H
⇤

H

H
⇤

e
2u
dz

2

e
2v
dz

2

e
2'(z)

dz
2

Theorem (cutting)

We have the identity

DC(Ï) + IL(÷) = DH(u) + DHú(v).

8
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Large deviation heuristics

SLE/GFF “ := Ô
Ÿ Finite energy

SLEŸ loop. Finite energy Jordan curve, ÷.
Free boundary GFF “� on H (on C). 2u, u œ E(H) (2Ï, Ï œ E(C)).
“-LQG on quantum plane ¥ e“�dz2. e2Ïdz2, Ï œ E(C).
“-LQG on quantum half-plane on H e2udz2, u œ E(H).
SLEŸ cuts an independent Finite energy ÷ cuts Ï œ E(C)
quantum plane e“�dz2 into into u œ E(H), v œ E(Hú) and
ind. quantum half-planes e“�1 , e“�2 . IL(÷) + DC(Ï) = DH(u) + DHú (v).

SLE/GFF ∆ one may expect that under appropriate topology and for small Ÿ,

“P(SLEŸ loop stays close to ÷,
Ô

Ÿ� stays close to 2Ï)
= P(

Ô
Ÿ�1 stays close to 2u,

Ô
Ÿ�2 stays close to 2v)”

9
































































Large deviation heuristics, cont’d

From the large deviation principle and the independence of SLE and �, one
expects

lim
Ÿæ0

≠Ÿ log P(SLEŸ stays close to ÷,
Ô

Ÿ� stays close to 2Ï)

= lim
Ÿæ0

≠Ÿ log P(SLEŸ stays close to ÷) + lim
Ÿæ0

≠Ÿ log P(
Ô

Ÿ� stays close to 2Ï)

= IL(÷) + DC(Ï).

Similarly, the independence between �1 and �2 gives

lim
Ÿæ0

≠Ÿ log P(
Ô

Ÿ�1 stays close to 2u,
Ô

Ÿ�2 stays close to 2v)

= DH(u) + DHú (v).

=∆ IL(÷) + DC(Ï) = DH(u) + DHú (v).

10
































































Conversely

One expects the density of an independent couple (SLEŸ,
Ô

Ÿ GFF) has
density

fl(÷, 2Ï) Ã exp(≠IL(÷)/Ÿ) exp(≠DC(Ï)/Ÿ)
= exp(≠DH(2u)/Ÿ) exp(≠DHú(2v)/Ÿ)

the identity on the action functional also suggests the SLE/GFF coupling.

11
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Converse operation i conformal welding

Assume D In coo Dente lb Coo

e Uhr and Hip E LIK c MOHR

T traces Sobolev space

T
loc IR



Application: arclength conformal welding

Assume ÷1, ÷2 are rectifiable
Jordan curves and |÷1| = |÷2|.

Â : ÷1 æ ÷2 preserves arclength.

D1

⌘1 ⌘2

D2

 

F

G

⌘ such that G�1 � F =  

• [Huber 1976] The solution does not always exist.
• [Bishop 1990] If the solution exists, ÷ can be a curve of positive area

and the solution is not unique.
• [David 1982, Zinsmeister 1982, Jerison-Kenig 1982] If ÷1 and ÷2 are

chord-arc, then the solution exists and is unique, and is an
quasicircle.

• [Bishop 1990] But the Hausdor� dimension of ÷ can take any value in
1 < d < 2 =∆ not rectifiable.

• [Viklund, W. 2019] The class of finite energy curves is closed under
arclength welding.

16
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How does the energy change under the arclength welding operation?

IL(÷) ?? IL(÷1) + IL(÷2)
































































Arclength welding of finite energy domains

Assume IL(÷1) < Œ, IL(÷2) < Œ, both passing through Œ. Let Hi , Hú
i

be
the two connected components of Cr ÷i .

Corollary (sub-additivity)

Let ÷ (resp. ÷̃) be the arclength welding curve of the domains H1 and Hú
2

(resp. H2 and Hú
1 ). Then ÷ and ÷̃ have finite energy. Moreover,

IL(÷) + IL(÷̃) Æ IL(÷1) + IL(÷2).

H1

H
⇤
2

H

H
⇤

⌘1

⌘2

F

G

 : ⌘1 ! ⌘2 ⌘

17




























































Proof Energy dissipated through welding

A



Winding identity

Assume ÷ is rectifiable.

f (1) = 1

g(1) = 1⌘

H H

H
⇤H

⇤

e
i⌧

We denote by

P[· ](z) =
I

arg f Õ(f ≠1(z)) z œ H;
arg g Õ(g≠1(z)) z œ Hú

which is the Poisson integral of · in C.

19
































































Flow-line identity

Notice that arg(f Õ) has the same Dirichlet energy as log |f Õ|. We have the
identity

IL(÷) = DH(arg f Õ) + DHú(arg g Õ) = DC(P[· ]).

Consequence: IL(÷) < Œ … ÷ is chord-arc and · œ H1/2(÷).

20
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Flow-line identity, cont’d

Corollary (Flow-line identity)

Conversely, if Ï œ E(C) fl C0(Ĉ), then for all z0 œ C, there is a unique
solution to the di�erential equation

÷Õ(t) = e iÏ(÷(t)), ’t œ R and ÷(0) = z0

is an infinite arclength parametrized simple curve and

DC(Ï) = IL(÷) + DC(Ï0),

where Ï0 = Ï ≠ P[Ï|÷].

SLE/GFF counterpart (imaginary geometry): The flow-lines of e i
Ô

ŸGFF/2

is an SLEŸ curve. Conditioning on the flow-line, Ï0 is an 0-boundary GFF.

21
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Application: Equipotential energy monotonicity

f (1) = 1

⌘

H H R + ir⌘
r := f (R + ir)

R

Corollary [infinite curve]

Let r > 0, we have IL(÷r ) Æ IL(÷).

f : D ! D

⌘T
rT

⌘r

C f (C)

Corollary [bounded curve]

For 0 < r < 1, we have IL(÷r ) Æ IL(f (C)) Æ IL(÷).

22
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Complex identity

Corollary (Complex identity)

Let Â be a complex-valued function on C with finite Dirichlet energy and
Im Â œ C0(Ĉ). Let ÷ be a flow-line of the vector field eÂ and f , g the
conformal maps associated to ÷. Then we have

DC(Â) = DH(’) + DHú(›),

where ’ = Â ¶ f + log f Õ, › = Â ¶ g + log g Õ.

f (1) = 1

g(1) = 1⌘

H H

H
⇤

H
⇤

24
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A (very loose) dictionary

SLE/GFF with “ = Ô
Ÿ æ 0 Finite energy

SLEŸ loop. Finite energy Jordan curve, ÷.
Free boundary GFF “� on H (on C). 2u, u œ E(H) (2Ï, Ï œ E(C)).
“-LQG on quantum plane ¥ e

“�
dz

2. e
2Ï

dz
2, Ï œ E(C).

“-LQG on quantum half-plane on H e
2u

dz
2, u œ E(H).

“-LQG boundary measure on R ¥ e
“�/2

dx e
u(x)

dx , u œ H
1/2(R).

SLEŸ cuts an independent Finite energy ÷ cuts Ï œ E(C)
quantum plane into into u œ E(H), v œ E(Hú) and
independent quantum half-planes. I

L(÷) + DC(Ï) = DH(u) + DHú (v).
Quantum zipper: isometric welding Isometric welding
of independent “-LQG measures on R of e

u
dx and e

v
dx , u, v œ H

1/2(R)
produces SLEŸ. produces a finite energy curve.
“-LQG chaos w.r.t. Minkowski content e

Ï|÷ |dz|, Ï|÷ œ H
1/2(÷),

equals the pushforward of equals the pushforward of
“-LQG measures on R. e

u
dx and e

v
dx , u, v œ H

1/2(R).
Bi-infinite flow-line of e

i�/‰ ¥ e
i“�/2 Bi-infinite flow-line of e

iÏ

is an SLEŸ loop measurable wrt. �. is a finite energy curve
DC(Ï) = I

L(÷) + DC(Ï0).
Mating of trees Complex identity … welding+flow-line.
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