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Lecture 3 Radial SLE

Radial SLE Large deviations
Loewner Kufarer energy

a Foliation of Weil Petersson quasicircles
and energy duality
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ϭͮϮ zϟ t�Ì« h?2 2M2`;v Q7 � /2i2`KBMBbiB+ GQ2rM2` +?�BM, _2p2`bB#BHBiv �M/
BMi2`T`2i�iBQM pB� aG1ͭ+ 6�@Z ͯͮϯʹϰ ϯͯͭͮͶϰ

ϭͯϮ ]ϟ YÓ°� Ϛ zϟ t�Ì« h?2 GQ2rM2` 2M2`;v Q7 HQQTb �M/ `2;mH�`Biv Q7 /`BpBM;
7mM+iBQMb +@VA ϯͯͭͮͶϰ

ϭͰϮ zϟ t�Ì« 1[mBp�H2Mi .2b+`BTiBQMb Q7 i?2 GQ2rM2` 1M2`;v +ŞƏįŞſϜ @ĘſŃϜ
ͯͮ͵ϯͯϰ ϯͯͭͮͶϰ

ϭͱϮ %ϟ s³ÂÅòÌ�Ϛ zϟ t�Ì« AMi2`TH�v #2ir22M GQ2rM2` �M/ .B`B+?H2i 2M2`;B2b pB�
+QM7Q`K�H r2H/BM; �M/ ~Qr@HBM2b #�"� Ͱͭ ϯͯͭͯͭϰ

ϭͲϮ Cϟ �Ì«Ϛ Cϟ V�âÂϚ zϟ t�Ì« G�`;2 /2pB�iBQMb Q7 `�/B�H aG1∞ �6S ͯͲϯͮͭͯϰ
ϯͯͭͯͭϰ

ϭͳϮ �ϟ V ÅíÓÅ�Ϛ zϟ t�Ì« G�`;2 /2pB�iBQMb Q7 KmHiB+?Q`/�H aG1yY- `2�H `�iBQM�H
7mM+iBQMb- �M/ x2i�@`2;mH�`Bx2/ /2i2`KBM�Mib Q7 G�TH�+B�Mb SŴįűŴņŞſ ϯͯͭͯͭϰ

ϭʹϮ %ϟ s³ÂÅòÌ�Ϛ zϟ t�Ì« h?2 GQ2rM2`@Em7�`2p 1M2`;v �M/ 6QHB�iBQMb #v
q2BH@S2i2`bbQM Zm�bB+B`+H2b �ú�°Â��Â� ãÐÐÉ ϯͯͭͯͭϰ
































































�°Óâ��Å =Ó þÌ â �°�³Ìæ

:�ê γ �� � ã°ÈÜÂ� �­Ðß� °É (H, ͭ,∞)Ϝ

ϕ γ °ã ��ß��³íĄЄß�â�Ë íâ³ĉ � �ā [ͭ,∞)Ϝ
ϕ q : R+ → R °ã ��ÂÂ�� ê­� �â³ý³Ì« ªòÌ�í³ÓÌ Ð§ γϜ
ϕ qͭ = ͭϗ q °ã �ÐÉê°ÉïÐïãϜ
ϕ `­� �ïßú� γ ��É �� ß��Ðú�ß�� §ßÐÈ q ïã°É¨ :Ð�ûÉ�ßВã
�°§§�ß�Éê°�Â �Þï�ê°ÐÉϖ ∂ê¨ê(Ć) = ͯ/(¨ê(Ć)−qê)ϗ ¨ͭ(Ć) = ĆϜ

ϕ q� ã�ā ê­�ê γ °ã ê­� �°Óâ��Å =Ó þÌ â �òâý  �ß°ú�É �ā qϜ

+ÉêßÐ�ï��� �ā ϯ:Ð�ûÉ�ß ДͱͲ @�ê­Ϟ �ÉÉϞϰϜ

ͯ
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� íâ³ý³�Å  ă�ËßÅ 

ϕ +§ q ≡ ͭϗ ê­�É γ = °R+Ϝ

gt(z) = z + 2t
z + o(1z )�t

Wt = gt(�t) = 0

as z ! 1

�
⌘(s) := gt(�t+s)

0

Ͱ
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c°  �°Óâ��Å =Ó þÌ â  Ì â«Ą ϲtϟ ϰͱϱϳ

� ⊂ C � ã°ÈÜÂā �ÐÉÉ��ê�� �ÐÈ�°Éϗ �,� �ß� êûÐ �ÐïÉ��ßā ÜÐ°Éêã Ð§ �Ϝ

a

b

D
� ' : D ! H

0

H

'(�)
'(a) = 0,'(b) = 1

q� ��đÉ� ê­� =Ó þÌ â  Ì â«Ą Óª � æ³ËßÅ  �°Óâ� γ ³Ì (�,�,�) êÐ ��

+�,�,�(γ) := +H,ͭ,∞(ϕ(γ)) := +(q) :=
ͮ
ͯ

∫ ∞

ͭ
q′(ê)ͯ�ê

= ãïÜ
ͭ=êͭ<êͮ<···<êÉ

ͮ
ͯ

É∑

°=ͮ

(q(ê°)−q(ê°−ͮ))ͯ
ê° − ê°−ͮ

û­�ß� q °ã ê­� �ß°ú°É¨ §ïÉ�ê°ÐÉ Ð§ ϕ(γ)Ϝ

ͱ
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VâÓß âí³ æ

a

b

D
� ' : D ! H

0

H

'(�)
'(a) = 0,'(b) = 1

ϕ "Ðß � > ͭϗ û� ­�ú� +H,ͭ,∞(γ) = +H,ͭ,∞(�γ).
⇒ `­� :Ð�ûÉ�ß �É�ß¨ā °ã û�ÂÂЁ��đÉ�� °É (�,�,�)Ϝ

ϕ +�,�,�(γ) = ͭ⇔ q ≡ ͭ⇔ γ °ã ê­� ­āÜ�ß�ÐÂ°� ¨�Ð��ã°� �ÐÉÉ��ê°É¨
� �É� �Ϝ

ϕ +�,�,�(γ) < ∞ϗ ê­�É γ °ã � ß��ê°đ��Â� ϯ"ß°Ć Ӆ Z­�¿­�ß S`V" ДͰʹϰϜ
ϕ +§ �É� ÐÉÂā °§ �­�ß��ê�ß°Ć�ê°ÐÉ �ā q�°ÂЁS�ê�ßããÐÉ Þï�ã°�°ß�Â�ã ϯqϞ
+Éú�ÉêϞ ДͰ͸ϰϜ

ͮͭ
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]=�κ ýæϟ =Ó þÌ â  Ì â«Ą

Џ√κ
 ­�ã ê­� �°ãêß°�ïê°ÐÉ ÐÉ �ͭ(R+,R) û°ê­ ��Éã°êā

Ü(q) ∝ �ĀÜ(−+(q)/κ)Dq.”

(Ðû�ú�ßϙ +(
) = ∞ û°ê­ ÜßÐ���°Â°êā ͮϞ

`­� Z�­°Â��ßВã ê­�Ðß�È ãê�ê�ã ê­�ê +(q) °ã �ÂãÐ ê­� Å�â«  � ý³�í³ÓÌ
â�í  ªòÌ�í³ÓÌ §Ðß 
ßÐûÉ°�É ÈÐê°ÐÉ √

κ
 �ã κ → ͭϜ :ÐÐã�Âā ãÜ��¿°É¨ϗ

“S(
√
κ
 ãê�āã �ÂÐã� êÐ q) ≈ �ĀÜ

(
− +(q)

κ

)
.”

Ͷ
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=�â«  � ý³�í³ÓÌæ Óª �°Óâ��Å ]=�

�ããïÈ� � = DϜ q� �É�Ðû X (�;�,�) û°ê­ ê­� ÜßÐ�ï�ê êÐÜÐÂÐ¨ā
°É�ï��� §ßÐÈ ê­� (�ïã�Ðß§§ È�êß°�Ϝ

c° Óâ Ë
`­� §�È°Âā Ð§ Â�ûã (Pκ)κ>ͭ Ð§ ê­� �­Ðß��Â Z:�κ �ïßú�ã γκ ã�ê°ãđ�ã ê­�
§ÐÂÂÐû°É¨ :�S û°ê­ ¨ÐÐ� ß�ê� §ïÉ�ê°ÐÉ +�ϖ

"Ðß �Éā ãï�ã�ê � Ð§ X (�;�,�)ϙ û� ­�ú�

− °É§
γ∈�Ð

+�(γ) ≤ Â°È
κ→ͭ+

κ ÂÐ¨Pκ[γκ ∈ �Ð]

≤ Â°È
κ→ͭ+

κ ÂÐ¨Pκ[γκ ∈ �] ≤ − °É§
γ∈�

+�(γ)

�É� ê­� ãï�ЃÂ�ú�Â ã�ê (+�)−ͮ[ͭ, �] °ã �ÐÈÜ��ê §Ðß �Éā � ≥ ͭϞ
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�ÓÌæ áò Ì� ϙ �Ì â«Ą â ý âæ³�³Å³íĄ

c° Óâ Ë ϲ�Ì â«Ą â ý âæ³�³Å³íĄ ϲtϟ ϰͱϱϳϳ
q� ­�ú� +�,�,�(γ) = +�,�,�(γ). +ê °ã �Þï°ú�Â�Éê êÐ +H,ͭ,∞(γ) = +H,ͭ,∞(−ͮ/γ)Ϟ

`­°ã ��ê�ßÈ°É°ãê°� ß�ãïÂê °ã ��ã�� ÐÉ ϯ�ÐÈ�°É�� û°ê­ ê­� Â�ß¨� ��ú°�ê°ÐÉ ß�ãïÂêϰϖ

c° Óâ Ë ϲ]=� â ý âæ³�³Å³íĄ ϰ�°�Ì ЕͰ͸ �JVϱϳ
"Ðß κ ≤ ͱϙ ê­� Â�û Ð§ ê­� êß��� Ð§ Z:�κ °É (�,�,�)ϙ °ã ê­� ã�È� �ã ê­�
Â�û Ð§ Z:�κ °É (�,�,�)Ϟ

+É §��êϗ ê­� ����ā ß�ê� �ã κ → ͭ Ð§ ê­� ÜßÐ���°Â°êā Ð§ Z:�κ ãê�āã �ÂÐã� êÐ γ °ã ê­� ã�È�
�ã ê­� ����ā ß�ê� Ð§ ��°É¨ �ÂÐã� êÐ −ͮ/γϜ

ͮͮ
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A proof without SLE will appear in Lecture 2
W



CòÅí³�°Óâ��Å ]=�ϙ �ă�ËßÅ æ

Z°ÈïÂ�ê°ÐÉã Ð§ ÈïÂê°�­Ðß��Â Z:�Ͱϖ

`­� �Ðßß�ãÜÐÉ�°É¨ Â°É¿ Ü�êê�ßÉ αϖ

ͱ
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CòÅí³�°Óâ��Å ]=�κϙ �°�â��í â³ĉ�í³ÓÌ �Ą �ÓÌ�³í³ÓÌ³Ì«

"°Ā α = {{�ͮ,�ͮ}, {�ͯ,�ͯ}, . . . , {�É,�É}} � ÜÂ�É�ß Â°É¿ Ü�êê�ßÉϜ `­�ß�
�ß� �É = ͮ

É+ͮ
(ͯÉ
É
)
Ð§ ê­Ðã� Â°É¿ Ü�êê�ßÉãϜ

x1

x2

x2n

xaj

xbj

�j

@ïÂê°�­Ðß��Â Z:� °ã �­�ß��ê�ß°Ć�� �ã γ¼ ��°É¨
ê­� �­Ðß��Â Z:�κ °É �̂¼ ϯ¨ß�āϰ §Ðß �ÂÂ
¼ = ͮ, . . . ,ÉϜ

��ß�āϗ q�ßÉ�ßϗ �ï����êϗ :�ûÂ�ßϗ 8ÐĆ�ßÐÉϗ 
�ï�ßϗ 
�ßÉ�ß�ϗ 8āêÔÂ�ϗ
Z­�§đ�Â�ϗ @°ÂÂ�ßϗ qïϗ S�ÂêÐÂ�ϗ 
�§§�ß�ϗ �ê�Ϝ `­� �Ā°ãê�É�� �É�
ïÉ°Þï�É�ãã �ß� Ð�ê�°É�� û­�É κ ∈ (ͭ, ͱ) ϯã�� É�Āê ãÂ°��ϰϜ

q­�É κ = ͭϗ ÈïÂê°�­Ðß��Â Z:�ͭ °ã É�êïß�ÂÂā ��đÉ�� �ã � ¨�Ð��ã°�
ÈïÂê°�­Ðß�Ϝ q� û°ÂÂ ¨°ú� � ÜßÐÐ§ §Ðß ê­� �Ā°ãê�É�� Â�ê�ßϜ

Ͳ
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CòÅí³�°Óâ��Å ]=�κϙ Y��ÓÌЄD³ÂÓ�ĄË � â³ý�í³ý æ

@ïÂê°�­Ðß��Â Z:� ��É �� Ð�ê�°É�� �ā û�°¨­ê°É¨ É °É��Ü�É��Éê Z:�κ

�ĀÜ
(
�(κ)
ͯ È�(γͮ, . . . , γÉ)

)
,

û­�ß�
�(κ) = (Ͱκ− ͵)(ͳ− κ)

ͯκ ∼κ→ͭ+ −ͯͱ
κ
,

�É� È�(γͮ, . . . , γÉ) ≥ ͭ °ã �ĀÜß�ãã�� °É ê�ßÈã Ð§ ê­� 
ßÐûÉ°�É ÂÐÐÜ
È��ãïß� °ÉêßÐ�ï��� �ā :�ûÂ�ßϗ Z�­ß�ÈÈϗ �É� q�ßÉ�ßϜ

q� ­�ú�ϗ È�(γ) = ͭ °§ É = ͮ �É� È� °ã �ÐÉ§ÐßÈ�ÂÂā °Éú�ß°�ÉêϜ

ͳ
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& Ó� æ³� ËòÅí³�°Óâ�

q� �ÐÉã°��ß � = HϜ

c° Óâ Ë
:�ê (ηͮ, · · · , ηÉ) �� � ¨�Ð��ã°� ÈïÂê°�­Ðß� °É Xα(H; Āͮ, . . . , ĀͯÉ)Ϟ `­�
ïÉ°ÐÉ Ð§ η¼ãϙ °êã �ÐÈÜÂ�Ā �ÐÉ¼ï¨�ê�ϙ �É� ê­� ß��Â Â°É� °ã ê­� ß��Â ÂÐ�ïã
Ð§ � ß�ê°ÐÉ�Â §ïÉ�ê°ÐÉ Ð§ ��¨ß�� É+ ͮ û°ê­ �ß°ê°��Â ÜÐ°Éêã {Āͮ, . . . , ĀͯÉ}Ϟ

ʹ
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��í�Å�Ì ÌòË� â

c° Óâ Ë ϲ&ÓÅ�� â«Ϛ ��ýϟ C�í°ϟ Е͹ͱϳ
:�ê Ćͮ, . . . , ĆͯÉ �� ͯÉ �°ãê°É�ê �ÐÈÜÂ�Ā ÉïÈ��ßãϞ `­�ß� �ß� �ê ÈÐãê �É
ß�ê°ÐÉ�Â §ïÉ�ê°ÐÉã Ð§ ��¨ß�� É+ ͮ û°ê­ �ß°ê°��Â ÜÐ°Éêã Ćͮ, . . . , ĆͯÉ ïÜ êÐ
SZ:(ͯ,C) ÜÐãêЃ�ÐÈÜÐã°ê°ÐÉ ϱ�ÐÉ§ÐßÈ�Â �ïêÐÈÐßÜ­°ãÈã Ð§ ĈϲϞ

�ããïÈ°É¨ ê­� �Ā°ãê�É�� Ð§ ¨�Ð��ã°� ÈïÂê°�­Ðß� °É Xα(H; Āͮ, . . . , ĀͯÉ)ϖ

�ÓâÓÅÅ�âĄ
+§ �ÂÂ �ß°ê°��Â ÜÐ°Éêã Ð§ � ß�ê°ÐÉ�Â §ïÉ�ê°ÐÉ �ß� ß��Âϙ ê­�É °ê °ã � ß��Â
ß�ê°ÐÉ�Â §ïÉ�ê°ÐÉ ïÜ êÐ SZ:(ͯ,C) ÜÐãêЃ�ÐÈÜÐã°ê°ÐÉϞ

`­°ã ß�ãïÂê °ã đßãê ÜßÐú�� �ā ϭ�ß�È�É¿ÐЁ#��ß°�ÂÐúϗ �ÉÉ�Âã ВͭͯϮϜ

͵
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Existence is given by a minimizer multichordal
Loewner potential



CòÅí³�°Óâ��Å =Ó þÌ â ßÓí Ìí³�Å

:�ê γ := (γͮ, . . . , γÉ)Ϝ `­� :Ð�ûÉ�ß ÜÐê�Éê°�Â Ð§ γ °ã ¨°ú�É �ā

H�(γ) :=
ͮ
ͮͯ

É∑

¼=ͮ
+�(γ¼) +È�(γ)−

ͮ
ͱ

É∑

¼=ͮ
ÂÐ¨S�;Ā�¼ ,Ā�¼ ,

û­�ß� S�;Ā,ā °ã ê­� SÐ°ããÐÉ �Ā�ïßã°ÐÉ ¿�ßÉ�Âϗ ��đÉ�� ú°�

S�;Ā,ā := |ϕ′(Ā)||ϕ′(ā)|SH;ϕ(Ā),ϕ(ā), �É� SH;Ā,ā := |ā− Ā|−ͯ,

�É� û­�ß� ϕ : �→ H °ã � �ÐÉ§ÐßÈ�Â È�ÜϜ

q­�É É = ͮϗ
H�(γ) =

ͮ
ͮͯ +�(γ)−

ͮ
ͱ ÂÐ¨S�;�,�.

ͮͮ






























































Allows

1 relatingdifferent bardata

Niceformed
usingdeto

Minimized for fixed CD a b by hyperbolic geodesic
O



VâÓß âí³ æ Óª ßÓí Ìí³�Å

= ËË�
`­� ÈïÂê°�­Ðß� γ ­�ã đÉ°ê� ÜÐê�Éê°�Â °É � °§ �É� ÐÉÂā °§ +�(γ¼) < ∞ §Ðß
�ÂÂ ¼ ∈ {ͮ, . . . ,É} �É� �ÂÂ γͮ, . . . , γÉ �ß� Ü�°ßû°ã� �°ã¼Ð°ÉêϞ

= ËË�
+§ H�(γ) < ∞ϙ ê­�É ê­�ß� �Ā°ãêã 8 ∈ [ͮ,∞)ϙ ��Ü�É�°É¨ ÐÉÂā ÐÉ H�(γ)ϙ
�É� � 8ЃÞï�ã°�ÐÉ§ÐßÈ�Â È�Ü ϕ ãï�­ ê­�ê γ¼ = ϕ(ρ¼) §Ðß �ÂÂ
¼ ∈ {ͮ, . . . ,É}ϙ ϕ(�) = �ϙ �É� ϕ �Āê�É�ã �ÐÉê°ÉïÐïãÂā êÐ � �É� �Þï�Âã
ê­� °��Éê°êā §ïÉ�ê°ÐÉ ÐÉ ∂�Ϟ

ͮͯ
































































VâÓß âí³ æ Óª ßÓí Ìí³�ÅϚ �ÓÌíЕ�

x1

x2

x2n

xaj

xbj

�j

= ËË� ϲ��æ���  â Å�í³ÓÌ Óª Hϳ
"Ðß ���­ ¼ ∈ {ͮ, . . . ,É}ϙ û� ­�ú�

H�(γ) = H�̂¼(γ¼) +H�(γͮ, . . . , γ¼−ͮ, γ¼+ͮ . . . , γÉ).

V���ÂÂ ê­�ê û­�É É = ͮϗ

H�(γ) =
ͮ
ͮͯ +�(γ)−

ͮ
ͱ ÂÐ¨S�;�,�.

�ÓâÓÅÅ�âĄ
�Éā È°É°È°Ć�ß Ð§ H� °É Xα(�; Āͮ, . . . , ĀͯÉ) °ã � ¨�Ð��ã°� ÈïÂê°�­Ðß�Ϟ

eã°É¨ ê­� Þï�ã°�ÐÉ§ÐßÈ�Â È�Üϖ

�ÓâÓÅÅ�âĄ
`­�ß� �Ā°ãêã � ¨�Ð��ã°� ÈïÂê°�­Ðß� η °É Xα(�; Āͮ, . . . , ĀͯÉ)Ϟ

ͮͰ
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CòÅí³�°Óâ��Å =Ó þÌ â  Ì â«Ą

q� �ÂãÐ ��đÉ� ê­� È°É°È�Â ÜÐê�Éê°�Âϖ

Mα
� (Āͮ, . . . , ĀͯÉ) := È°É

γ∈Xα(�;Āͮ,...,ĀͯÉ)
H�(γ) = H�(η) > −∞.

AÐê� ê­�ê ê­� È°É°È�Â ÜÐê�Éê°�Â ��Ü�É�ã ÐÉ ê­� È�ß¿�� ÜÐ°Éêã
Āͮ, . . . , ĀͯÉ ∈ ∂� �ã û�ÂÂ �ã ÐÉ ê­� Â°É¿ Ü�êê�ßÉ αϜ

`­� ÈïÂê°�­Ðß��Â :Ð�ûÉ�ß �É�ß¨ā Ð§ γ ∈ Xα(�; Āͮ, . . . , ĀͯÉ) °ã

+α� (γ) := ͮͯ(H�(γ)−Mα
� (Āͮ, . . . , ĀͯÉ)) ≥ ͭ.

q­�É É = ͮϗ ê­°ã �É�ß¨ā �Ð°É�°��ã û°ê­ ê­� :Ð�ûÉ�ß �É�ß¨ā +�Ϝ

ͮͱ
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Large deviations of Multichordal SLEo

Proof LDP of single SLEot



�â³ý³Ì« ªòÌ�í³ÓÌ Óª � « Ó� æ³� ËòÅí³�°Óâ�

:�ê η �� ê­� È°É°È°Ć�ß Ð§ HH °É Xα(H; Āͮ, . . . , ĀͯÉ) �É�

U(Āͮ, . . . , ĀͯÉ) := ͮͯMα
H(Āͮ, . . . , ĀͯÉ) = ͮͯHH(η).

c° Óâ Ë
"Ðß ���­ ¼ ∈ {ͮ, . . . ,É}ϙ ê­� :Ð�ûÉ�ß �ß°ú°É¨ §ïÉ�ê°ÐÉ q Ð§ ê­� �­Ðß�
η¼ §ßÐÈ Ā�¼ êÐ Ā�¼ �É� ê­� ê°È� �úÐÂïê°ÐÉã p°ê = ¨ê(Ā°) Ð§ ê­� Ðê­�ß
È�ß¿�� ÜÐ°Éêã ã�ê°ã§ā ê­� �°§§�ß�Éê°�Â �Þï�ê°ÐÉã






∂êqê = −∂�¼U(pͮê , . . . , p
�¼−ͮ
ê ,qê, p

�¼+ͮ
ê , . . . , pͯÉê ), qͭ = Ā�¼ ,

∂êp°ê =
ͯ

p°ê −qê
, p°ͭ = Ā°, §Ðß ° #= �¼,

§Ðß ͭ ≤ ê < `ϙ û­�ß� ` °ã ê­� Â°§�ê°È� Ð§ ê­� ãÐÂïê°ÐÉ �É� (¨ê)ê∈[ͭ,`] °ã
ê­� :Ð�ûÉ�ß ĒÐû ¨�É�ß�ê�� �ā η¼Ϟ
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] Ë³Є�Å�ææ³��Å Å³Ë³í Óª �V�  áò�í³ÓÌæ

V���ÂÂ ê­�ê U := ͮͯMα
HϜ :�ê Zα(H; Āͮ, . . . , ĀͯÉ;κ) �� ê­� Ü�ßê°ê°ÐÉ

§ïÉ�ê°ÐÉ Ð§ ÈïÂê°ÜÂ� Z:�κ °É Xα(H; Āͮ, . . . , ĀͯÉ)Ϝ
c° Óâ Ë
q� ­�ú� U = Â°Èκ→ͭ−κ ÂÐ¨Zα(κ)Ϟ "Ðß ���­ ¼ ∈ {ͮ, . . . , ͯÉ}ϙ û� ­�ú�

ͮ
ͯ (∂¼U(Āͮ, . . . , ĀͯÉ))

ͯ −
∑

° "=¼

ͯ
Ā° − Ā¼

∂°U(Āͮ, . . . , ĀͯÉ) =
∑

° "=¼

ͳ
(Ā° − Ā¼)ͯ

.

ϕ +ê ­�ã ���É ÜÐ°Éê�� Ðïê �ā 
�ï�ßЃ
�ßÉ�ß�Ѓ8āêÔÂ�Ϟ
ϕ `­°ã �Þï�ê°ÐÉ �Ð�ã ÉÐê ��Ü�É� ÐÉ αϞ q� È�ā ûÐÉ��ß ­Ðû È�Éā
ãÐÂïê°ÐÉã �ß� ê­�ß�ϙ �É� û­�ê �Ð ê­�ā ß�Üß�ã�ÉêϞ

ϕ Gïß ÜßÐÐ§ °ã ��ê�ßÈ°É°ãê°�ϙ �ā �É�Âāã°É¨ �°ß��êÂā ê­� È°É°È�Â
ÜÐê�Éê°�ÂϞ

ϕ ��É ÐÉ� ß�Â�ê� U êÐ ê­� �ããÐ�°�ê�� ß�ê°ÐÉ�Â §ïÉ�ê°ÐÉã ÈÐß�
Þï�Éê°ê�ê°ú�Âāϟ

ͮͶ
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.� Ìí³íĄ þ³í° =Ó þÌ â ßÓí Ìí³�Å

c° Óâ Ë
"Ðß �Éā ãÈÐÐê­ ÈïÂê°�­Ðß� γ °É � �ÐïÉ��� ãÈÐÐê­ �ÐÈ�°É �ϙ û�
­�ú�

H�(γ) = ÂÐ¨/2iζ∆� −
∑

�
ÂÐ¨/2iζ∆� + Éλ,

û­�ß� ê­� ãïÈ °ã ê�¿�É Ðú�ß �ÂÂ �ÐÉÉ��ê�� �ÐÈÜÐÉ�Éêã � Ð§ � \
⋃
° γ°ϙ

�É� λ ∈ R °ã � ïÉ°ú�ßã�Â �ÐÉãê�ÉêϞ

q� ïã� ß�ãïÂêã ÐÉ /2iζ∆ §Ðß �ïßú°Â°É��ß �ÐÈ�°Éã ϯÜ°���û°ã� ãÈÐÐê­
�ÐïÉ��ßā �ÂÂÐû°É¨ �ÐßÉ�ßãϰ ϯAïßãïÂê�ÉÐúЃVÐûÂ�êêЃZ­�ßϙ ДͰ͸ϰϜ

`­� ß�Â�ê°ÐÉ ��êû��É ÂÐ¨ /2iζ∆ �É� Z:� û�ã Ð�ã�ßú�� �ā �ï����êϗ "ß°��ß°�­ϗ
8ÐÉãê�ú°�­ϗ Zï­Ðúϗ �ê�Ϝ

ͯͮ
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Lecture 2 chordal SEA
Loewner

energy and SLEo largedeviations

Energy reversibility from SLE reversibility

Multidordal Learner energy
Multiple SLE and rationalfunctions

Multiple SLEot largedeviations

BPZ equation

logdetgo expression




