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Random fields and Quantum fields

Random fields: Quantum fields:

e Probability measure on infinite @ Hilbert space J7 with a Fock
dimensional space of scalar space structure ¢ = @,_q 0.
functions ¢ : R" — R. o Family of self-adjoint operators

@ Usually of the form d>(t,7) = I,

(t,X) e RxRC.
EF = ZL/F((p)e_A(‘P)D(p @ Distinguished vector Q € 57
A called the vacuum.

@ Important observables: @ Important observables: inner

F=TLo(yi), F=e?¥. products (Q,H,-d)(t,-,Y,-))Q)%c.

On top of these we will need regularity, symmetry and " positivity”
properties.
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Imaginary time

A story in physics roughly says that the imaginary time inner products

k
(QTTe(—it;, 3)Q) = S(t1.X1),- - (tk> X))

j=1

seem to be correlation functions of a Gibbs-type probability measure i.e.

5((t17;1>) (tk,Xk /H(p tJ7X1 —A( (P)D(p

for some Action Functional A

A@) = [ (@ TP+ Vo(e X+ Vig(e. X)) ded? %

Can you go in the other direction? Can you analytically continue
probabilistic correlation functions from real time to imaginary time?
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Axioms for field theories

Random fields:
Random field ¢ with probability
distribution u

Quantum fields:

e Hilbert space ¢ and a unique

. vacuum vector Q2 € J7.
o Euclidean symmetry:

Ee?™) — Ee?(TX) where T can e Self-adjoint field operators
O(t, X): H — A st

(t77) = <V/17¢(ta7)w2>%” is a
Tempered Distribution.

be rotation, translation,
reflection

o Reflection positivity

o Regularity: E[T; @(y;) is a
Tempered distribution 4+ more

e Poincare symmetry (Lorentz +
translations)

o Cluster property: ¢(y1) e Causality and
e o " Energy-momentum relation”:

becomes independent of ¢@(y») E2—|F)2>0
as |y1 —yo| — oo }

The Quantum Field axioms were introduced by Lars Garding and Arthur
Wightman (published 1964).

The Random Field axioms were introduced by Konrad Osterwalder and
Robert Schrader (published 1973-1975)

Equivalence of the axioms proven by Osterwalder and Schrader in 1975.

Quantum Fields from Random Fields November 5, 2020



Axioms for random fields: Reflection positivity

Let ¢ be a random field with probability distribution 1 supported in
Schwartz distributions .%”/(R") = ./(R x R"~1).

o &:=L*(S(R"),du).

o & :=L2(.7'(Ry x R""1)du), the subspace consisting observables
supported in ./ (Ry x R"1).
Intuitively: &4 consists of the observables F that depend on ¢(t, %)
only for t > 0.

0 ©:& — & by (OF)(9) = F(00) with 89(t,X) = @(—t,X).
° (F,G)s, = [ F(9)(©C)(9)du(e) =EF(9)(©G)(9).
@ Reflection Positivity : For all F € &, we have (F,F)s, >0.

Suffices to consider F belonging to
N .
oy ={F(9) =Y cxe®M) | ¢ eC, fi € TR xR} C &4
k=1

(0,f) == o) fk(y)d"y.
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Axioms for random fields

Reflection Positivity: For all F € & we have (F,F)s > 0.

Euclidean symmetry: u is invariant under Euclidean symmetries:
Ee?(*) = Ee‘P(TX), where T can be Rotation, Reflection, Translation.

Cluster property: Let (s;,X}) € R x R"1

k k
limE[To(si -t H 9(s7. %) = pr(snx’ JE H o(s. %)
i=1 =1

e J=k+1 J=k+1

Regularity(*): The correlation functions

k

v = E[Jei), yieR”,
i=1

are tempered distributions in the region of non-coinciding points
(vi # y; for i # ).

Also need an additional growth estimate when k — o« and when
s—0.
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Axioms for random fields: Regularity

o Regularity(*): The functions (y1,...,yx) — E[1<; ¢(y;) are
tempered distributions.
OS showed that the following suffices: Denote

So(y2—y1) =E@(y1)9(y2). Assume

< |11,

‘/Sz(y)f(y)d”y

where ||f|| is a Schwartz norm of the Laplace transform of f.
Analogous bounds for higher order correlations S.

Not practical to work with!

OS also used something like

| Sa(s.%)| < G ((A+RNA+Is))(L+]s/ )™

i.e. S is tempered and has a power law divergence as s — 0.
Analogous bounds for Sy with Cj ~ (k!)P.
Glimm-—Jaffe book: Bound for the Laplace transform

[Eelo] < Mt 1< pen
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Constructing a Quantum field from a Random field

We are going to construct a Quantum field from a random Gaussian field.
We will choose n=1, i.e. the random field lives on R x R"1 =R.
Leads to a quantum field in 1 time and 0 space dimensions.

The construction consists of

@ We start with a Gaussian field ¢ with a covariance kernel
G(t,s) = o

20

@ We show that the probability distribution p of ¢ is Reflection Positive.

© We then construct a Hilbert space 57 from a subspace of
12(."(R), dp).

@ We show that 47 is unitarily equivalent with LZ(]R,e_“’dex).

© We show that the translation semigroup on L2(.’(R),du) maps to a

translation semigroup on Lz(R,e*“’dex) and compute its generator
(the Hamiltonian).

@ The resulting system will look like a Quantum Harmonic Oscillator.
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-
Reconstruction: The simplest example

@ We set n=1 and u a Gaussian measure on .¥’(R) with covariance

efa)\tfs\

G(t,s)= , 0>0.

20

Note: This is the Green function of the operator —d? + ®?. Thus
think of:

dii(g) ~ e~ 219 +0R)o(0)dt )

@ We denote the Gaussian field given by this measure by ¢ € ./(R).
Thus E[o(t)p(s)] = [ o(t)e(s)du(e) = G(t,s).

@ Recall (©F)(¢p) = F(09), (6¢)(t) = @(—t). Reflection Positivity is
the condition:

E(©F)(9)F(p) =0
where F € 12(.7'(R,),du) and we can take F(¢) = e(?f) with
fesRy).
@ Is u Reflection Positive?
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Reflection Positivity for @

o Keep in mind: E(p(t)(p(s) - G(t,s) _ e~ 0lt—s|

20
@ Fact: For Gaussians the Reflection Positivity

E(OF)(¢)F(@) >0

is equivalent to

/(Bf)(t)f(s)G(t,s)dtds >0

for all f € /(Ry).
@ We have:

/ (6F)(£)F(s)G(t,s)dtds = .- / F(—t)f(s)e 5l dtds

_ 1 dt/ ds F(—t)f(s)e @It gtd
o oyt @5 FOF)e 5

= 160/(00.0) f(—t)e“’tdt/ f(s)e “°ds

(0:0)
>0.
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Construction of the Hilbert space

@ We construct a Hilbert space out of
N .
oy =1{Y e @) | g eC fie CPRy)} C LA (Ry),dp)
k=1

Set

(F,G)a, =E(OG)(@)F(0).

This is positive semidefinite 1 by Reflection Positivity!

The quotient <7, /.4, where A4 = {F € </, | (F,F) =0}, is an inner
product space.

Then define JZ, := completion of <7, /A"

e 7, is automatically a Hilbert space.
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Decomposition of ¢

e 0lt—s|
20 !

e G(t,s)= the Green function of (—d2 + @?).

o First we decompose the covariance kernel
G(t,s) = G4(t,s)+ G_(t,s)+ Go(t,s)
@ Set

Gy(t,s) = (G(t,s)— G(t,—s))1s>0
G_(t,s) = (G(t,s)— G(t,—s))1ss<0

Method of images! G. are the Dirichlet Green functions of
(—02 4+ @?) on R..

e Go:=G— Gy — G_. Follows that Gy(t,s) = eiwg:)ﬂs‘).

e G, are positive as operators: [f(t)f(s)Gy(t,s)dtds > 0.

@ Clearly also Gy is positive.
—> ¢ decomposes into independent parts ¢ = @ + @_ + @p.

o Here go(t) = e @ltlx, x ~ .#(0, %) so the probability distribution

Uo of ¢g is %e“"Xde.
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-
Unitary equivalence with L?(R, e*wx2dx)

@ ¢ decomposes into independent parts ¢ = @4 + @_ + @y with

o 0(|tl+s)

Ep=(t)ps(s) = G=(t,s),  Eqo(t)po(s) = Go(t,s) = ——

o We have go(t) = e Itlx with x ~ .A#(0, ).
Thus EOFl((PO)F2((PO) = <F1, F2>L2(]R,e*“’x2dx)'

@ The decomposition implies

EF(¢)=E E_EoF (¢4 +¢-+¢o).
o Unitary equivalence with [2(R,e~ %< dx):
(F,G)r. =E(OG)(0)F(9)
=E E_Eo(0G)(¢- + ¢0)F (o1 + )
=Eo[E-G(6(9- + ¢0))E+ F(@+ + o))
=Ko [EJF G(@1 +@o)E 4 F(os + ‘PO)}
= <E+G((P+ + ')7E+F(q)0 + .)>L2(]R.,e’“’x2dx)

law
We used 0¢p_ = ¢4 and 8¢y = ¢p.
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-
Unitary equivalence with L?(R, e*wx2dx)

o We got
(F, G, = (ErG(@r ), ELF(Q0+)) 12(p e-0? )
@ Thus the map U : 74 — LZ(R,e_“’X2dX) given by

(UF)(90) = E+ F(@++ ¢0)

is an isometry .

@ The range of U is dense:
Ue’((p~f) — el((PO,f)E+el((P+,f) — e’((p()vf) ef%E((ervf)z
_ oix [ F(t)e @t ;= 1(£,G, f)
Thus range of U contains all vectors of the form e'®*, x ~ ug. This is

a dense set in Lz(R,e*“’X2dx). U preserves inner product and has
dense range = U is unitary.

o U\, = 2(R,e 2 dx).
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Time translation semigroup

On 7, we can define the time translation
T:e'@F) = /(o) fi(s):=Ff(s—t)
T(t) is self-adjoint:

(T(t)e 9N, e/(08)) ;= EQ(e/(97))el(06)
— Re(9:07) oi(9:8)
_ e (0000 0) 4il0.6)
_ R i(9.67) i(9.8)

= (el(®f), T(t)ei(¢vg)>%+
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Time translation semigroup

e T(t) is a contraction:

IT()F|> = (T()F, T(t)F) = (F, T(2t)F) <||F|[[| T(2t)F||

— | T(0)F| <|IFIIM?| T(2t)F[I/

— |T@)F| <||FIM>4T(4t)F |

= || T(e)F < [|FIM2E- 120 T2k P
Translation invariance implies

| TQR"t)F||> = (F, T(2"T)F) = E(OF)T(2"" 1 t)F
< (B(OF)*)2(E(T (2" t)F)*)!/?
E(T(2”+1 t)ei(</)=f))2 — Ee2/(P:hni1,) — ge2i(@f) — E(ei(w))2

Conclusion: || T(t)F|lz < |F|l

o Hille-Yosida: T(t)=e ™" where H is positive and self-adjoint
operator.
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Time translation on L2(R, e~ dx)

[} e’tH : %+ — %+,
U: Ay — 2R, e dx), U=E,

e Time translation semigroup on [2(R,e~®<dx) by et .= Ye—tHy1
@ We want to compute e~tH yei(:f).
— oix [ fi(s)e™"%ds o5 (f:,Gof:)
@ What is essential is the functional dependence on x of the RHS.
Take F = /0% for o € C. Then UF = e**. Now

e—tFI Uel (0t _ jo—tH gip(0)a
_ Uei(p(t)oc

2 .
_ 56t gim(t)a
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Time translation on L2(R, e~ dx)

The Hamiltonian H can now be evaluated

d eftI:IUei(p(O)a

t=0

—HUe?(®a —

2 .
_afel 1 2ot e,e Oty

le. I:I:% dd—; +a)x% on Lz(R,e—wXde).

A unitary map V : L2(R,e’a’x2dx) — L2(R,dx) is given by
1

(VF)(x) = e 2% F(x). Then

1 d? +1w22 L
——— + = X ——- 0.
2dx2 2

VAV =
2

The Hamiltonian of the Quantum Harmonic Oscillator.
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N
Oscillator

@ We ended up with a Quantum mechanical system

H:L*(R) — L*(R),
2
() = (g oy 45 022~ 3 0)F(x)

@ The vacuum state Q € L2(R) is the state satisfying HQ = 0. The
1
solution is Q(x) = (V1)(x) = e‘i“’x2_

@ What are the functions (€,]T; ®(t;)2)? We were supposed to have
something like

@ JTo(-i5)2) = E[Too(5)
Jj J
Quantum field axioms also say that
o(t) = e"tHCD(O)e*’.tH
le. &(—it) = etHd(0)e M.

Here ®(0) corresponds to the multiplication operator
x: L2(R) — L2(R), (xf)(x) = xf(x).
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Two-point function

o &(—it) =etfo(0)e .
e ®(0) is given by x: L2(R) — L?(R), (xf)(x) = xf(x).
@ Thenfors>t>0

(Q, (—it)D(—is)Q)12r) = (2 e ™ ©(0)e EIHD(0)e™ Q)12
= (Q,9(0)e " ©(0)Q) 12z,

=Eopo(0)¢o(s — t)
= G()(S, t)
e~ 0(s+1)

20

Quantum Fields from Random Fields November 5, 2020



N
End result

@ We started with a Gaussian measure with covariance operator
G =(—92+®)~! and Covariance Kernel G(t,s) = &o

@ Using Reflection Positivity we got the Hilbert space
A5 12(R, e~ dx) % [2(R,dx) and on L[2(R,dx) we got the
Hamiltonian

2w

1 d? 1 1
H=_--"_ *0)2 2_7(0
22 T2 95

2
@ A vacuum state Q = e~ ®%

o Imaginary time field operator ®(—it) = et ®(0)e~t with ®(0) the
multiplication operator f(x) + xf(x) on L2(R).

@ Imaginary time Wightman function
(Q,®(—it)®(—is)Q2) 12(r) = Go(t,s)-

@ How to get real time Wightman functions?
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Analytic continuation & more

Quantum fields:

Random fields: @ Hilbert space 7 and a vacuum
Random field ¢ with probability Qe 7.
distribution p o Self-adjoint field operators

o Euclidean symmetry O(t,X): H — A st

@ Reflection positivity (t,X) = (y1,0(t, X )y2) o is a

o Regularity Tempered Distribution.
@ Poincare symmetry
o Causality and £2—|F|? >0

Random to Quantum: 52(t1 - t2,X1 — X2) E(p(tl, Xl)(p(tQ,)Z)

o Cluster property

@ Reflection positivity gives a Hilbert space and e~*". The semigroup
extends to e(~t+)H for t > 0 and this semigroup is holomorphic for

t > 0.
@ This yields an analytic continuation of Sy(7, %) to R(t) > 0.

© This + regularity = S,(is, X) is a tempered distribution and the
support of its Fourier transform belongs to the "future light cone”.

@ The regularity assumptions ensure that this works also for Sy, k > 2.

© Cluster property = uniqueness of vacuum.
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Free fields in higher dimensions

o Gaussian field @ on R" with a covariance operator (—A + m?)~1.

e We have G(y1,¥2) = G(|y1 — y2|) and the Fourier transform satisfies

1 vy dp
G = . Ip'(yl _)/2)7
(1,52) / P+ m2t (2r)n

After using the rotational symmetry and computing, we get
e~ i—yelV/IkP+m? - gn—1)
2./|k|? + m? (2m)n—1

Gny) = [

e 0lt—s|

Compare with G(t,s) = ¢,

@ Now @ = @1 + ¢@_ + @y Where @, are Dirichlet free fields with mass
m? on Ry x R"1,

© When m =0 the time-zero field ¢ is the Harmonic Extension of
(p’t:o to R".

@ Leads to a Hilbert space with a Hamiltonian of an infinite collection
of independent quantum harmonic oscillators.
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