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Main notions
Classical systems are given by:
» states;
» observables;
» time-evolution of such.

Example (Classical point-particle in euclidean space)

Dimensionless particle, mass m € R, in Q = R3.
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Classical mechanics

Main notions
Classical systems are given by:
» states;
» observables;
» time-evolution of such.

Example (Classical point-particle in euclidean space)

Dimensionless particle, mass m € R, in Q = R3.
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Classical mechanics

Main notions
Classical systems are given by:
» states;
» observables;
» time-evolution of such.

Example (Classical point-particle in euclidean space)

Dimensionless particle, mass m € R, in Q = R3.

> State: position q € R? and velocity v € R3. (Or momenta
p=mv.)

» Can measure kinetic energy: K = %mvz.
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Classical mechanics

Main notions
Classical systems are given by:
» states;
» observables;
» time-evolution of such.

Example (Classical point-particle in euclidean space)

Dimensionless particle, mass m € R, in Q = R3.

> State: position q € R? and velocity v € R3. (Or momenta
p=mv.)

» Can measure kinetic energy: K = %mvz.

» Evolution: mechanical energy H = K+ V preserved (V
some potential).

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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Phase-space

Classical phase-space = smooth manifold M (plus structure).
Points parametrise states.
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Classical mechanics

Phase-space

Classical phase-space = smooth manifold M (plus structure).
Points parametrise states.

Example (Cont.)
Here M = R3 x R3 = R®.
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Classical mechanics

Phase-space

Classical phase-space = smooth manifold M (plus structure).
Points parametrise states.

Example (Cont.)

Here M = R3 x R = R®.
Conceptually M =T Q, tangent bundle: velocity vector
tangent to trajectories q = q(t).
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Classical mechanics

Observables

A classical observable is a smooth function f: M — R.
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Classical mechanics

Observables

A classical observable is a smooth function f: M — R.

Example (Cont.)

Euclidean metric on Q = R3.
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Classical mechanics

Observables

A classical observable is a smooth function f: M — R.

Example (Cont.)

Euclidean metric on Q = R3.
Consider K: TQ — R, K(q, p) = 5=p>.
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Classical mechanics

Observables

A classical observable is a smooth function f: M — R.

Example (Cont.)

Euclidean metric on Q = R3.
Consider K: TQ — R, K(q, p) = 5=p>.

(Here Riemannian structure on M.)

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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Classical mechanics

State-observable duality

Points of M = pure state (nonstatistical mechanics).

riele Rembado Hausdorff Centre for Mathematics (HCM)




Mathematical dictionary

000e00000

Classical mechanics

State-observable duality

Points of M = pure state (nonstatistical mechanics).
Else mixed states = probability measures on M—pure states are
extremal (Dirac measures).
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Classical mechanics

State-observable duality

Points of M = pure state (nonstatistical mechanics).
Else mixed states = probability measures on M—pure states are
extremal (Dirac measures).

Definition

The value of the observable f: M — R at the pure state x € M
is f(x) € R.
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Classical mechanics

State-observable duality

Points of M = pure state (nonstatistical mechanics).
Else mixed states = probability measures on M—pure states are
extremal (Dirac measures).

Definition

The value of the observable f: M — R at the pure state x € M
is f(x) € R.

In general expected values (f )« of observables. There’s a pairing
(think: distributions).
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Classical mechanics

Motion

Example (Cont.)

Egs. of motion a la Newton: F = —grad V is the force, so

q=v, mv=—gradV,

or p
q:a, p=—gradV.
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al mechanics

Motion

Example (Cont.)

Egs. of motion a la Newton: F = —grad V is the force, so

q=v, mv=—gradV,

or

._ P S
q—m, P gradV.

Equivalent to egs. of motion a Ia Hamilton:

__dH . 0H

q_gl p__a'

Gabriele Rembado ‘ f Centre for Mathematics (HCM)
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000

al mechanics

Motion
Example (Cont.)

Egs. of motion a la Newton: F = —grad V is the force, so

q=v, mv=—gradV,

or 5
=" p = —grad V.
4="7 P i
Equivalent to egs. of motion a Ia Hamilton:
. OH . OH

Define a vector field Xy = X (q, p) on M.

f Centre for Mathematics (HCM)
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Classical mechanics

Symmetries

Association H +— Xyy. (Spoiler: Poisson bracket).
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al mechanics

Symmetries

Association H +— Xyy. (Spoiler: Poisson bracket).

Example (Cont.)

Solve the Cauchy problem

(4,p) = Xnu(q,p),
(q(0),p(0)) = (qo, Po) -
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Symmetries

Association H +— Xyy. (Spoiler: Poisson bracket).

Example (Cont.)

Solve the Cauchy problem

(4,p) = Xnu(q,p),
(q(0),p(0)) = (qo, Po) -

Get one-parameter group ¢': R — Diff(M),
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Symmetries

Association H +— Xyy. (Spoiler: Poisson bracket).

Example (Cont.)

Solve the Cauchy problem

(4,p) = Xnu(q,p),
(q(0),p(0)) = (qo, Po) -

Get one-parameter group ¢'': R — Diff(M), acting on
observables:

Uif(q,p) = f(oi'(q,p)).

Hausdorff Centre for Mathematics (HCM)
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Classical mechanics

Infinitesimal symmetries

Observables evolve: fy = Uf, t € R.
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Classical mechanics

Infinitesimal symmetries

Observables evolve: fy = Uf, t € R.

Example (Cont.)

Differentiate:
al Ofsy 0 (fiop L 1 £
att gsst s=0 ( ts S)‘S——O ( t)X '
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Classical mechanics

Infinitesimal symmetries

Observables evolve: fy = Uf, t € R.

Example (Cont.)

Differentiate:

oft  o¢, 3 (fro@M)

3t = 5, = TR = rad(f) X
So:

=Xu(fy) ={H,ft}=—————

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)




Mathematical dictionary

O000000e00

Classical mechanics

Infinitesimal symmetries

Observables evolve: fy = Uf, t € R.

Example (Cont.)

Differentiate:

oft  o¢, B el

3t = 5, = TR = rad(f) X
So:

=Xu(fy) ={H,ft}=—————

This we abstract/generalise.
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Classical mechanics

Time evolution

With an operation { -, - } : C*(M) x C*®(M) — C*(M) (t.b.
axiomatised).
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Classical mechanics

Time evolution

With an operation { -, - } : C*(M) x C*®(M) — C*(M) (t.b.
axiomatised).

Definition

In the Hamiltonian picture of motion observables evolve via
f={Hf},
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Time evolution

With an operation { -, - } : C*(M) x C*®(M) — C*(M) (t.b.
axiomatised).

Definition

In the Hamiltonian picture of motion observables evolve via
f ={H, f}, where H: M — R is a preferred observable: the
Hamiltonian of the system.
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Classical mechanics

Time evolution

With an operation { -, - } : C*(M) x C*®(M) — C*(M) (t.b.
axiomatised).

Definition

In the Hamiltonian picture of motion observables evolve via
f ={H, f}, where H: M — R is a preferred observable: the
Hamiltonian of the system.

Equivalent to Liouville picture: states vary via Liouville egs.
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Classical mechanics

Time evolution

With an operation { -, - } : C*(M) x C*®(M) — C*(M) (t.b.
axiomatised).

Definition

In the Hamiltonian picture of motion observables evolve via
f ={H, f}, where H: M — R is a preferred observable: the
Hamiltonian of the system.

Equivalent to Liouville picture: states vary via Liouville egs.
In general: study evolution of exp. values (f,x) — (f)x.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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Classical mechanics

Poisson structure

Definition

A Poisson manifold is a pair (M,{-,-}), where M is a smooth
manifold and {-,- }: C*(M) A C®(M) — C*(M) a Lie bracket
satisfying Leibnitz’s rule:

{H,fg}=f{H,g}+{H,f}g, for H,f,g € C*(M).
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Classical mechanics

Poisson structure

Definition

A Poisson manifold is a pair (M,{-,-}), where M is a smooth
manifold and {-,- }: C*(M) A C®(M) — C*(M) a Lie bracket
satisfying Leibnitz’s rule:

{H,fg}=f{H,g}+{H,f}g, for H,f,g € C*(M).

(Hence Xy ={H, - }is a derivation.)
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cal mechanics

Poisson structure

Definition

A Poisson manifold is a pair (M,{-,-}), where M is a smooth
manifold and {-,- }: C*(M) A C®(M) — C*(M) a Lie bracket
satisfying Leibnitz’s rule:

{H,fg}=f{H,g}+{H,f}g, for H,f,g € C*(M).
(Hence Xy ={H, - }is a derivation.)

Classical systems = Poisson manifolds with a Hamiltonian.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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Quantum mechanics

Phase-space
Still want states-observables duality and evolution.
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Quantum mechanics

Phase-space
Still want states-observables duality and evolution.

A quantum phase-space is the projectivisation of a separable
complex Hilbert space (¢, (- | -)).
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Quantum mechanics

Phase-space
Still want states-observables duality and evolution.

Definition

A quantum phase-space is the projectivisation of a separable
complex Hilbert space (¢, (- | -)).

Pure states = lines in H = unitary vectors up to phase.
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Quantum mechanics

Phase-space
Still want states-observables duality and evolution.

Definition

A quantum phase-space is the projectivisation of a separable
complex Hilbert space (¢, (- | -)).

Pure states = lines in H = unitary vectors up to phase.

Example (Quantum point-particle in euclidean space)

Lebesgue measure dq on Q = R3, 5 = L?(Q, C), and

W ) = JQw'dq-

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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Quantum mechanics

A quantum observable is a selfadjoint operator T: D(T) — H
(with domain D(T) C K).
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Quantum mechanics

A quantum observable is a selfadjoint operator T: D(T) — H
(with domain D(T) C K).

Example (Cont.)
Multiplication p¢: P — f for f € Li5.(Q),
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Quantum mechanics

A quantum observable is a selfadjoint operator T: D(T) — H
(with domain D(T) C K).

Example (Cont.)
Multiplication p¢: P — fip for f € L. (Q), domain

D(pe) ={p eH|fpeH}CH.

(Selfadjoint iff. f(x) € R for dg-a.e. x € Q.)

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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Exp. values are defined.
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Quantum mechanics

Duality

Exp. values are defined.

The expected value of the observable T: D(T) — J in the state
P e IP(D(T)) is

My =T ) =] TY) € R.
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Quantum mechanics

Duality

Exp. values are defined.

Definition

The expected value of the observable T: D(T) — J in the state
P e IP(D(T)) is

My =T ) =] TY) € R.

Note <T>eie¢ = <T>¢, 0 € R.
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Quantum mechanics

Evolution
Preferred observable H (quantum Hamiltonian), h € R.
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Quantum mechanics

Evolution
Preferred observable H (quantum Hamiltonian), h € R.

In the Heisenberg picture of motion observables evolve
according to Heisenberg equation:
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Quantum mechanics

Evolution
Preferred observable H (quantum Hamiltonian), h € R.

Definition

In the Heisenberg picture of motion observables evolve
according to Heisenberg equation:

(It preserves selfadjoint-ness.)
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Quantum mechanics

Evolution
Preferred observable H (quantum Hamiltonian), h € R.

Definition

In the Heisenberg picture of motion observables evolve
according to Heisenberg equation:

(It preserves selfadjoint-ness.)

Equivalent to Schrodinger picture:

. 1~
h=—Hp.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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Quantum mechanics

Symmetries

Again evolution operators U € U(H):

o
Uy = exp (—;H) , whence Ty = UITUt.
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Quantum mechanics

Symmetries

Again evolution operators U € U(H):

~

Uy = exp (—%H) , whence

T =UiTU,.
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Quantum mechanics

Symmetries

Again evolution operators U € U(H):

~

Uy = exp <_hH> , whence Ty = UITUt.

And{- -} = % [-, ] a Poisson bracket.

Mathematically: compare with (M, {,-}). Obtain {-, -} from
{-pash—0.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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Deformations

A commutative Poisson algebra (Ag,{-,-}) over C—think:
Ap = C>®(M,C).
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Deformations

A commutative Poisson algebra (Ag,{-,-}) over C—think:
Ap = C>®(M,C).
Consider h a variable.
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Deformations

A commutative Poisson algebra (Ag,{-,-}) over C—think:
Ap = C>®(M,C).
Consider h a variable.

Definition
A h-deformation of Ay is a C[h]-algebra (A, *) s.t. A / hA ~ Ap.
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Deformations

A commutative Poisson algebra (Ag,{-,-}) over C—think:
Ap = C>®(M,C).
Consider h a variable.

Definition
A h-deformation of Ay is a C[h]-algebra (A, *) s.t. A / hA ~ Ap.

Thus A ~ Ap[h]:

TeA:T:kah", f € Ap.
k>0

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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Products and commutators

Expand product of Ag in A:

f*g:ch(f,g)hk, for f,g € Ay,
k>0
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Products and commutators

Expand product of Ag in A:

f*g:ch(f,g)hk, for f,g € Ay,
k>0

Crk: Ao ® Ag — Ag (co = commutative product of Ap).
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Products and commutators

Expand product of Ag in A:

f*g:ch(f,g)hk, for f,g € Ay,
k>0

Crk: Ao ® Ag — Ag (co = commutative product of Ap).

Hence

[f,g] =fxg—gxf=) (ck(f,g)—cilg,f)h*=0(n).
k>1
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Products and commutators

Expand product of Ag in A:

f*g:ch(f,g)hk, for f,g € Ay,
k>0

Crk: Ao ® Ag — Ag (co = commutative product of Ap).

Hence

[f,g] =fxg—gxf=) (ck(f,g)—cilg,f)h*=0(n).
k>1

Lives inside hA C A: divide by h.

Hausdorff Centre for Mathematics (HCM)
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Proposition

For f,g € A define

1
{f,g}a ::ﬂ[f,g} +hA.

Then {-,-}o : Ag/\Ag — Ag is a Poisson bracket.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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For f,g € A define

1
{f,g}a ::ﬂ[f'g} +hA.

Then {-,-}o : Ag/\Ag — Ag is a Poisson bracket.

Definition

A (formal) deformation quantisation of (Ao,{ . }) is an
h-deformation (A, %) such that{-,-} ={-,- }.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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For f,g € A define

1
{f,g}a ::ﬂ[f'g} +hA.

Then {-,-}o : Ag/\Ag — Ag is a Poisson bracket.

Definition

A (formal) deformation quantisation of (Ao,{ . }) is an
h-deformation (A, %) such that{-,-} ={,- } . Conversely
(Ao,{ . }) is the semiclassical limit of (A, *).
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For f,g € A define

1
{f,g}a ::ﬂ[f'g} +hA.

Then {-,-}o : Ag/\Ag — Ag is a Poisson bracket.

Definition

A (formal) deformation quantisation of (Ao,{ . }) is an
h-deformation (A, %) such that{-,-} ={,- } . Conversely
(Ao,{ . }) is the semiclassical limit of (A, *).

Formalises % [f, g] —{f,g}=0(h).

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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Complex variables

Sometime algebraic deformations: family of algebras A,.
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Complex variables

Sometime algebraic deformations: family of algebras A,.
Get brackets { -, - };; (think: family of quantum theories)
degenerating to {-,- } as h — 0.
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Complex variables

Sometime algebraic deformations: family of algebras A,.
Get brackets { -, - };; (think: family of quantum theories)
degenerating to {-,- } as h — 0.

Problem: construct quantisation with semiclassical limit

(AOI{ A })
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Complex variables

Sometime algebraic deformations: family of algebras A,.
Get brackets { -, - };; (think: family of quantum theories)
degenerating to {-,- } as h — 0.

Problem: construct quantisation with semiclassical limit

(AOI{ A }) .
Theorem (Kontsevich: formality, 1997)
These always exist for Ag = C*(M, C).

That’s not all.
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Goals and obstacles

Construct quantum phase-spaces from Poisson manifolds:
viewpoint of geometric quantisation.
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Goals and obstacles

Construct quantum phase-spaces from Poisson manifolds:
viewpoint of geometric quantisation.

Moreover: construct Q: C*°(M, C) — Op(J) with Dirac
axioms,
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00000@

Goals and obstacles

Construct quantum phase-spaces from Poisson manifolds:
viewpoint of geometric quantisation.
Moreover: construct Q: C*°(M, C) — Op(J) with Dirac

axioms, e.g. O(f) = 9(f)T, Q({f, g}) = £ [Q(f), Qg)].
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00000@

Goals and obstacles

Construct quantum phase-spaces from Poisson manifolds:
viewpoint of geometric quantisation.

Moreover: construct Q: C*(M,C) — Op(ﬂ-() with Dirac
axioms, e.g. Q( ) Q(NT, Q({ f,g}) = % [Q(f) Q(g)]

|

Theorem (Groenewold—Van Hove: no go, 1946-1951)

Impossible even on flat space.
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Goals and obstacles

Construct quantum phase-spaces from Poisson manifolds:
viewpoint of geometric quantisation.
Moreover: construct Q: C*°(M, C) — Op(J) with Dirac

axioms, e.g. O(f) = 9(f)T, Q({f, g}) = £ [Q(f), Qg)].

Theorem (Groenewold—Van Hove: no go, 1946-1951)

|

Impossible even on flat space.

Still geo. quant. made significant advances (esp. in
Mathematics).
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Geometric quantisation
Prequantisation
Polarisations
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Prequantisation

Vector space

Try: define J{ as a space of functions on M.
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Prequantisation

Vector space

Try: define J{ as a space of functions on M.
Problem: maybe not lots of them.
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Prequantisation

Vector space

Try: define J{ as a space of functions on M.
Problem: maybe not lots of them.
Solution: sections of line bundles.
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Vector space

Try: define J{ as a space of functions on M.
Problem: maybe not lots of them.
Solution: sections of line bundles.

Definition
A complex line bundle on M is a smooth map : L - M s.t.
» L, =m ! (x) ~C as vector spaces;
» for all x € M there is a nbhd. U C M with a diffeo.
nHU) 2% U x C, and 7 = pry o@y;
» if U,V C M are like that then @v o (pal: (UNV)xC Ois
fibrewise linear.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)




dictionary o c detour Geometric quantisation

0000000000000 00

Vector space

Try: define J{ as a space of functions on M.
Problem: maybe not lots of them.
Solution: sections of line bundles.

Definition

A complex line bundle on M is a smooth map : L - M s.t.
» L, =7 !(x) ~ C as vector spaces;
» for all x € M there is a nbhd. U C M with a diffeo.
nHU) 2% U x C, and 7 = pry o@y;
» if U,V C M are like that then @v o (pal: (UNV)xC Ois
fibrewise linear.

Sections = maps \p: M — L with top =Idm.
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Back to favourite example

Example (Free point-particle)

Again M = R®.
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Prequantisation

Back to favourite example

Example (Free point-particle)

Again M = R®. Just L := M x C — M—trivial line bundle.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)




Geometric quantisation

O@00000000000000000

Prequantisation

Back to favourite example

Example (Free point-particle)

Again M = R®. Just L := M x C — M—trivial line bundle.

Take U =M for x € M, @y = Idr. (No check for intersections.)
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Prequantisation

Back to favourite example

Example (Free point-particle)

Again M = R®. Just L := M x C — M—trivial line bundle.
Take U =M for x € M, @y = Idr. (No check for intersections.)

Sections = complex-valued functions on M.
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Back to favourite example

Example (Free point-particle)

Again M = R®. Just L := M x C — M—trivial line bundle.
Take U =M for x € M, @y = Idr. (No check for intersections.)

Sections = complex-valued functions on M.
Curved phase-space = possibly nontrivial line bundles.
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Back to favourite example

Example (Free point-particle)

Again M = R®. Just L := M x C — M—trivial line bundle.
Take U =M for x € M, @y = Idr. (No check for intersections.)

Sections = complex-valued functions on M.
Curved phase-space = possibly nontrivial line bundles.

Denote Q°(M, L) = {1} € C*(M,L) | porm=1Idpm }.
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Inner product

Want: inner product on sections.
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Prequantisation

Inner product

Want: inner product on sections.
Problem: cannot measure lengths.
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Inner product

Want: inner product on sections.
Problem: cannot measure lengths.
Solution: Hermitian metrics.
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Prequantisation

Inner product

Want: inner product on sections.
Problem: cannot measure lengths.
Solution: Hermitian metrics.

Definition

A Hermitian metric on the line bundle L — M is a smooth
function h: L x L — C s.t. hx—h‘l_ —Cisa
positive-definite Hermitian product for all x € M.
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Prequantisation

Inner product

Want: inner product on sections.
Problem: cannot measure lengths.
Solution: Hermitian metrics.

Definition

A Hermitian metric on the line bundle L — M is a smooth
function h: L x L — C s.t. hx—h‘l_ —Cisa
positive-definite Hermitian product for all x € M.

Define

W 9 =JM (P, $')v

v € Q%P (M) volume form.
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Example (Cont.)

Take h: L x L — C with

h((x,n),x",n))=m’, xx'eMmnn’eC.
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Example (Cont.)

Take h: L x L — C with

h((x,n),x",n))=m’, xx'eMmnn’eC.

(Tautological metric.)
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Example (Cont.)
Take h: L x L — C with

h((x,n),x",n))=m’, xx'eMmnn’eC.

(Tautological metric.)
Volume form: v =dq; Adqp /A\dqgs Adp; Adp, Adps.
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Example (Cont.)
Take h: L x L — C with

h((x,n),x",n))=m’, xx'eMmnn’eC.

(Tautological metric.)
Volume form: v =dq; Adqp /A\dqgs Adp; Adp, Adps.
Get Lebesgue integrals: (3¢, (| -)) = L*(M, C).
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Example (Cont.)
Take h: L x L — C with

h((x,n), (x’,n))=m’, xx"eMmnn’eC.
(Tautological metric.)
Volume form: v =dq; Adqp /A\dqgs Adp; Adp, Adps.
Get Lebesgue integrals: (3¢, (| -)) = L*(M, C).

Something to adjust... see later.
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Observable quantisation

Want: operators T¢: D(T¢) — JH attached to f: M — R.
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Observable quantisation

Want: operators T¢: D(T¢) — JH attached to f: M — R.
Problem: only multiplication operators p¢: 1 — fip (no action
Ofo :{f/})
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Prequantisation

Observable quantisation

Want: operators T¢: D(T¢) — JH attached to f: M — R.

Problem: only multiplication operators p¢: 1 — fip (no action
Ofo :{f/})
Solution: connections!

Gabriele Rembado
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Prequantisation

Observable quantisation

Want: operators T¢: D(T¢) — JH attached to f: M — R.

Problem: only multiplication operators p¢: 1 — fip (no action
of Xf :{f/})
Solution: connections!

Definition

A connection on the line bundle L — M is a first-order
differential operator V: Q°(M, L) — Q!(M, L) satisfying
Leibnitz’s rule:

V() =df @y + V.
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1 dictionary Al c deto Geometric quantisation

Prequantisation

Observable quantisation

Want: operators T¢: D(T¢) — JH attached to f: M — R.

Problem: only multiplication operators p¢: 1 — fip (no action
of Xf :{f/})
Solution: connections!

Definition

A connection on the line bundle L — M is a first-order
differential operator V: Q°(M, L) — Q!(M, L) satisfying
Leibnitz’s rule:

V() =df @y + V.

(Here Q!(M, L) is the space of 1-forms with values in L.)
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Prequantisation

Observable quantisation

Want: operators T¢: D(T¢) — JH attached to f: M — R.

Problem: only multiplication operators p¢: 1 — fip (no action
of Xf :{f/})
Solution: connections!

Definition

A connection on the line bundle L — M is a first-order
differential operator V: Q°(M, L) — Q!(M, L) satisfying
Leibnitz’s rule:

V() =df @y + V.

(Here Q!(M, L) is the space of 1-forms with values in L.)
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0O0000@0000000000000

Prequantisation

On connections

On 7 }(U) ~ U x C sections = functions

V =d+«, xe Q' (M,C).
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Prequantisation

On connections

On 7 }(U) ~ U x C sections = functions

V=d+a, acQ'(M,C).
Thus Vx1 = 0x + (o, X)1p = new section (X vector field).
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On connections
On 7 }(U) ~ U x C sections = functions

V=d+a, acQ'(M,C).
Thus Vx1 = 0x + (o, X)1p = new section (X vector field).

The prequantum operator associated to f: M — C is

T = pur +1iVyx, .
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Prequantisation
On connections
On 7 }(U) ~ U x C sections = functions

V=d+a, acQ'(M,C).
Thus Vx1 = 0x + (o, X)1p = new section (X vector field).

The prequantum operator associated to f: M — C is

T = pur +1iVyx, .

Acts on Q°(M, L), extend to D(T¢) C K.
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Problem: no natural connection in the example.
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Prequantisation

Adjustments

Problem: no natural connection in the example.
Also: symmetry of T¢? Need (Tep [ ') = (P | Tp’) for f real.
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Prequantisation

Adjustments

Problem: no natural connection in the example.
Also: symmetry of T¢? Need (Tep [ ') = (P | Tp’) for f real.
Good:

(e 197) = [ REbY = | nl Ry = ().

M M
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Adjustments

Problem: no natural connection in the example.
Also: symmetry of T¢? Need (Tep [ ') = (P | Tp’) for f real.
Good:

(e 197) = [ REbY = | nl Ry = ().

M M

But (Vx, ¥ [{’) is bad
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Prequantisation

Adjustments

Problem: no natural connection in the example.
Also: symmetry of T¢? Need (Tep [ ') = (P | Tp’) for f real.
Good:

(e 197) = [ REbY = | nl Ry = ().

M M

But (Vx, [{’) is bad: need compatibility between metric and
connection.
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Compatible connection

The connection V on the Hermitian line bundle (L,h) — M is
h-compatible if

Lxh(,¥) = h(Vxb, ') +h(b, Vxi'),

for all vector fields X on M.
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Prequantisation

Compatible connection

The connection V on the Hermitian line bundle (L,h) — M is
h-compatible if

Lxh(,¥) = h(Vxb, ') +h(b, Vxi'),

for all vector fields X on M.

Lie derivative = ordinary function derivative here.
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Compatible connection

The connection V on the Hermitian line bundle (L,h) — M is
h-compatible if

Lxh(, ') = h(Vxh, ') +h(b, Vxi'),

for all vector fields X on M.

Lie derivative = ordinary function derivative here.

Example (Cont.)

Take V = d+ix with « real.
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Prequantisation

Compatible connection

The connection V on the Hermitian line bundle (L,h) — M is
h-compatible if

Lxh(, ') = h(Vxh, ') +h(b, Vxi'),

for all vector fields X on M.

Lie derivative = ordinary function derivative here.

Example (Cont.)

Take V = d+ix with o real.
Compatibility follows from sesquilinearity of h.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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How to control [Ty, Tg]?
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Prequantisation

More adjustments

How to control [Ty, Tg]?
Note

[T0, Tyl = i1, Vo, [0+ L[V bty — [V, Vi, 1.
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Prequantisation

More adjustments
How to control [Ty, Tg]?
Note
[Te, Tg| b = ifur, Vx, JW +1[Vx,, g | b — [Vx,, Vx, .
Good:

(e, Vxg b = VX, b — Vx, (f) = =Xg ()b = {f, g},
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Prequantisation

More adjustments

How to control [Ty, Tg]?
Note

10T, = e, Vo, 1 69060 (9, T, 0
Good:
(s, Vx, U = VX, — Vx, (fb) = —Xg (b ={f, g},

but [Vx,, Vx,] is bad
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More adjustments
How to control [T, Tg]?
Note
[Te, Tg| b = ifur, Vx, JW +1[Vx,, g | b — [Vx,, Vx, .
Good:
[, Vx, [ = TVx, ¥ — Vi, (fb) = —Xg ()b = (f,9 )W,

but [Vx,, Vx,] is bad: need more about curvature.
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Curvature

Definition

The curvature of the connection V is the 2-form
Fv € Q%(M, C) defined by

(Fv, XAY) = [Vx, Vy] = Vix v,

for vector fields X, Y.
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Prequantisation

Curvature

Definition

The curvature of the connection V is the 2-form
Fv € Q%(M, C) defined by

(Fv, XAY) = [Vx, Vv] =Vix v,
for vector fields X, Y.

Here:

<
x

<
x
(=]

I

<Fv, Xe A Xg> +V [Xf,Xg] .
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Prequantisation

Curvature

Definition

The curvature of the connection V is the 2-form
Fv € Q%(M, C) defined by

(Fv, XAY) = [Vx, Vv] =Vix v,
for vector fields X, Y.

Here:

[V, ng] = (Fv, X¢ A Xg) + v[xf,xg] :

Upshot: control curvature.
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Symplectic structure

Important class of Poisson manifolds.
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Prequantisation

Symplectic structure

Important class of Poisson manifolds.

A symplectic manifold is a pair (M, w), where M is a smooth
manifold and w € Q%(M,R) a nondegenerate closed 2-form.
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Prequantisation

Symplectic structure

Important class of Poisson manifolds.

Definition

A symplectic manifold is a pair (M, w), where M is a smooth
manifold and w € Q%(M,R) a nondegenerate closed 2-form.

Closed = dw = 0. (Analysis)
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Symplectic structure

Important class of Poisson manifolds.

Definition

A symplectic manifold is a pair (M, w), where M is a smooth
manifold and w € Q%(M,R) a nondegenerate closed 2-form.

Closed = dw = 0. (Analysis)
Nondegenerate = wy: TyM A T(M — R nondeg. for x € M.
(Algebra)
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Symplectic structure

Important class of Poisson manifolds.

Definition

A symplectic manifold is a pair (M, w), where M is a smooth
manifold and w € Q%(M,R) a nondegenerate closed 2-form.

Closed = dw = 0. (Analysis)
Nondegenerate = wy: TyM A T(M — R nondeg. for x € M.
(Algebra)

Hamiltonian fields = (w, X¢ /A -) +df =0.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)




Geometric quantisation

000000000 0e00000000

Prequantisation

Symplectic structure

Important class of Poisson manifolds.

Definition

A symplectic manifold is a pair (M, w), where M is a smooth
manifold and w € Q%(M,R) a nondegenerate closed 2-form.

Closed = dw = 0. (Analysis)
Nondegenerate = wy: TyM A T(M — R nondeg. for x € M.
(Algebra)

Hamiltonian fields = (w, X¢ /A -) +df =0.
Poisson bracket = { f, g } = X¢(g) = —Xg(f).
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Preferred connection

Example (Cont.)

On M = R® take

3
w =) dq;Adp;.

i=1
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Prequantisation

Preferred connection

Example (Cont.)

On M = R® take

3
w =) dq;Adp;.

i=1

Note w =da, « = ) _; qi dpi (Liouville potential)
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Prequantisation

Preferred connection

Example (Cont.)

On M = R® take

3
w =) dq;Adp;.

i=1

Note w =da, « = ) _; q; dpi (Liouville potential) = closed.
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Prequantisation

Preferred connection

Example (Cont.)

On M = R® take

3
w =) dq;Adp;.

i=1

Note w =da, « = ) _; q; dpi (Liouville potential) = closed.
Also (w,dq; A\ 0p;) = bij
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Prequantisation

Preferred connection

Example (Cont.)

On M = R® take

3
w =) dq;Adp;.

i=1

Note w =da, « = ) _; q; dpi (Liouville potential) = closed.
Also (w, 04, A\ 0p,;) = dij = nondegenerate.
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Prequantisation

Preferred connection

Example (Cont.)

On M = R® take

3
w =) dq;Adp;.

i=1
Note w =da, « = ) _; q; dpi (Liouville potential) = closed.
Also (w, 04, A\ 0p,;) = dij = nondegenerate.
Conceptually M = T* R3.
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Prequantisation

Preferred connection

Example (Cont.)

On M = R® take

3
w =) dq;Adp;.

i=1

Note w =da, « = ) _; q; dpi (Liouville potential) = closed.
Also (w, 04, A\ 0p,;) = dij = nondegenerate.

Conceptually M = T* R3. Note v = ‘%,M (Liouville volume).
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Prequantisation

Preferred connection

Example (Cont.)

On M = R® take

3
w =) dq;Adp;.
i=1

Note w =da, « = ) _; q; dpi (Liouville potential) = closed.
Also (w, 04, A\ 0p,;) = dij = nondegenerate.

Conceptually M = T* R3. Note v = ‘%,M (Liouville volume).

Now take V = d—ix (h-compatible).

Gabriele Rembado

Hausdorff Centre for Mathematics (HCM)




Geometric quantisation

00000000000 e0000000

Prequantisation

Preferred connection

Example (Cont.)

On M = R® take

3
w =) dq;Adp;.

i=1
Note w =da, « = ) _; q; dpi (Liouville potential) = closed.
Also (w, 04, A\ 0p,;) = dij = nondegenerate.

Conceptually M = T* R3. Note v = ‘%,M (Liouville volume).

Now take V = d—ix (h-compatible).
Note:

Fy = —ida = —iw.

Gabriele Rembado
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Prequantisation

Preferred connection

Example (Cont.)

On M = R® take

3
w =) dq;Adp;.

i=1
Note w =da, « = ) _; q; dpi (Liouville potential) = closed.
Also (w, 04, A\ 0p,;) = dij = nondegenerate.

Conceptually M = T* R3. Note v = ‘%,M (Liouville volume).

Now take V = d—ix (h-compatible).
Note:

Fy = —ida =—iw.
This we abstract/generalise.

Gabriele Rembado
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Prequantisation

Take a symplectic manifold (M, w).
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Prequantisation

Prequantisation

Take a symplectic manifold (M, w).

Prequantum data on (M, w) are a triple (L, h, V), where:
» L — Mis a line bundle;
» h: [ x L — C is a Hermitian metric;

» V is an h-compatible connection s.t. Fy = —iw.
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Prequantisation

Prequantisation

Take a symplectic manifold (M, w).

Prequantum data on (M, w) are a triple (L, h, V), where:
» L — Mis a line bundle;
» h: [ x L — C is a Hermitian metric;

» V is an h-compatible connection s.t. Fy = —iw.

Prequantum Hilbert space = completion of Q%(M, L) for
b [y hb,D)v
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Prequantisation

Prequantisation

Take a symplectic manifold (M, w).

Prequantum data on (M, w) are a triple (L, h, V), where:
» L — Mis a line bundle;
» h: [ x L — C is a Hermitian metric;

» V is an h-compatible connection s.t. Fy = —iw.

Prequantum Hilbert space = completion of Q%(M, L) for
b [ h, h)v, v = e,
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Prequantisation

Prequantisation

Take a symplectic manifold (M, w).

Prequantum data on (M, w) are a triple (L, h, V), where:
» L — Mis a line bundle;
» h: [ x L — C is a Hermitian metric;

» V is an h-compatible connection s.t. Fy = —iw.

Prequantum Hilbert space = completion of Q%(M, L) for
b [ h, h)v, v = e,

And prequantum operators via V.
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Some hope

Consider Q: C*(M,C) — Op(H) with Q(f) == Ty.
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Some hope

Consider Q: C*(M,C) — Op(H) with Q(f) == Ty.

The map Q is C-linear. Also Q(1) = Idg¢ and T¢ is symmetric for f
real.
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Some hope

Consider Q: C*(M,C) — Op(H) with Q(f) == Ty.

Theorem

The map Q is C-linear. Also Q(1) = Idg¢ and T¢ is symmetric for f
real.

Linearity: priag = Hr +Alg
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Prequantisation

Some hope

Consider Q: C*(M,C) — Op(H) with Q(f) == Ty.

Theorem

The map Q is C-linear. Also Q(1) = Idg¢ and T¢ is symmetric for f
real.

Linearity: priag = 1r +Alg, Xeiag = X5 +AXg
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Some hope

Consider Q: C*(M,C) — Op(H) with Q(f) == Ty.

Theorem
The map Q is C-linear. Also Q(1) = Idg¢ and T¢ is symmetric for f
real.

Linearity: priag = tr +Ang, Xriag = X¢ +AXg and
Vex =0Vx (f,g,6: M = C, A € C).
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Some hope

Consider Q: C*(M,C) — Op(H) with Q(f) == Ty.

Theorem

The map Q is C-linear. Also Q(1) = Idg¢ and T¢ is symmetric for f
real.

Linearity: priag = tr +Ang, Xriag = X¢ +AXg and
Vex =0Vx (f,g,6: M = C, A € C).
Normalisation: Xy = 0 for f constant
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Some hope

Consider Q: C*(M,C) — Op(H) with Q(f) == Ty.

Theorem

The map Q is C-linear. Also Q(1) = Idg¢ and T¢ is symmetric for f
real.

Linearity: priag = tr +Ang, Xriag = X¢ +AXg and
Vex =0Vx (f,g,6: M = C, A € C).
Normalisation: X¢ = 0 for f constant—- T; = .
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Prequantisation

Some hope

Consider Q: C*(M,C) — Op(H) with Q(f) == Ty.

Theorem
The map Q is C-linear. Also Q(1) = Idg¢ and T¢ is symmetric for f
real.

Linearity: priag = tr +Ang, Xriag = X¢ +AXg and
Vex =0Vx (f,g,6: M = C, A € C).
Normalisation: X¢ = 0 for f constant—- T; = .

Let’s see about symmetry.
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Prequantisation

About symmetry

Need to study

(9 19) = | B9 ).
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Prequantisation

About symmetry

Need to study
(9 19) = | B9 ).

By compatibility
R(iVx,$, ) = ibxh(, ") — h(ih, Vx, '),
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Prequantisation

About symmetry

Need to study
(9 19) = | B9 ).
By compatibility
h(i9x,b, $7) = 1xhit, ') — h(ith, Vx, ),

s
1

and ”1” fix signs.
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Prequantisation

About symmetry

Need to study
(9 19) = | B9 ).
By compatibility
h(i9x,b, $7) = 1xhit, ') — h(ith, Vx, ),

s
1

and ”1” fix signs.
To show:

J (LxF)v=0, F=h(,p’).
M

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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Prequantisation

About symmetry II

Cartan (magic) formula:

Lx =doix +1xod,
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Prequantisation

About symmetry II

Cartan (magic) formula:

Lx =doix +1xod,

with 1x = left insertion of X in differential form.
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0000000000000 00e000

Prequantisation

About symmetry II

Cartan (magic) formula:

Lx =doix +1xod,

with 1x = left insertion of X in differential form.

Lemma

One has Lx,w = 0 for all f € C*°(M, R).
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Prequantisation

About symmetry II

Cartan (magic) formula:

Lx =doix +1xod,

with 1x = left insertion of X in differential form.

Lemma

One has Lx,w = 0 for all f € C*°(M, R).

Lx,w = 1x, dw +d{w, X¢ A -) =d(df) =0.

Hausdorff Centre for Mathematics (HCM)




Geometric quantisation

0000000000000 000e00

Prequantisation

About symmetry III

Corollary (Liouville thm.)

Hamiltonian flows preserve the Liouville volume:

fo\/ = .foew =0.
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Prequantisation

About symmetry III

Corollary (Liouville thm.)

Hamiltonian flows preserve the Liouville volume:

fo\/ = .foew =0.

Since Lx(xAB) = (Lxa) AP+ aN\LxP.
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Prequantisation

About symmetry III

Corollary (Liouville thm.)

Hamiltonian flows preserve the Liouville volume:

fo\/ = .foew =0.

Since Lx(xNAB) = (Lxx) AR+ aN\Lxp. Thus

(LXfF)V = fo (FV) .
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Prequantisation

About symmetry III

Corollary (Liouville thm.)

Hamiltonian flows preserve the Liouville volume:

fo\/ = .foew =0.

Since Lx(xNAB) = (Lxx) AR+ aN\Lxp. Thus
(LXfF)V = fo (FV) .

But v € Q©P(M, R) closed
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Prequantisation

About symmetry III

Corollary (Liouville thm.)

Hamiltonian flows preserve the Liouville volume:

fo\/ = .foew =0.

Since Lx(xNAB) = (Lxx) AR+ aN\Lxp. Thus
(LXfF)V = fo (FV) .

But v € Q'°P(M, R) closed— Lx, (Fv) = d(ix,Fv).
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Prequantisation

About symmetry III

Corollary (Liouville thm.)

Hamiltonian flows preserve the Liouville volume:

fo\/ = .foew =0.

Since Lx(xNAB) = (Lxx) AR+ aN\Lxp. Thus
(LXfF)V = fo (FV) .

But v € QP(M,R) closed= Lx, (Fv) = d(ix,Fv).
Integral of exact form vanishes by Stokes (0M = ).
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Quantum level

Let k > 0 be an integer.
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Prequantisation

Quantum level

Let k > 0 be an integer.

Prequantum data at level k for (M, w) are a triple (L, h, V) as
above, where

Fy = ikw.
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000000000000 00000e0

Prequantisation

Quantum level

Let k > 0 be an integer.

Definition

Prequantum data at level k for (M, w) are a triple (L, h, V) as
above, where
Fy = ikw.

Idea: k = h™!, semiclassical asymptotics for k — +oo.
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Prequantisation

Quantum level

Let k > 0 be an integer.

Definition

Prequantum data at level k for (M, w) are a triple (L, h, V) as
above, where
Fy = ikw.

Idea: k = h™!, semiclassical asymptotics for k — +oo.
One way: replace L —+ M by L®¥, induce metric and
connection.
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Prequantisation

Quantum level

Let k > 0 be an integer.

Definition

Prequantum data at level k for (M, w) are a triple (L, h, V) as
above, where
Fy = ikw.

Idea: k = h™!, semiclassical asymptotics for k — +oo.
One way: replace L —+ M by L®¥, induce metric and
connection.

Later: semiclassical limit in Berezin-Toeplitz quantisation.

Hausdorff Centre for Mathematics (HCM)
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Prequantum condition
Note: Fy = iw imposes conditions.
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Prequantisation

Prequantum condition
Note: Fy = iw imposes conditions.

Defini

The symplectic manifold (M, w) is prequantisable if
ﬁ[w] € HﬁR(M,]R) is integral.
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Prequantisation

Prequantum condition
Note: Fy = iw imposes conditions.

The symplectic manifold (M, w) is prequantisable if
ﬁ[w] € HﬁR(M,]R) is integral.

Topological condition: for £ < M a surface 7 [y w € Z.
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Prequantisation

Prequantum condition
Note: Fy = iw imposes conditions.

Defini

The symplectic manifold (M, w) is prequantisable if
ﬁ[w] € HﬁR(M,]R) is integral.

Topological condition: for £ < M a surface 7 [y w € Z.
Clear for [w] = 0—exact form.
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Prequantisation

Prequantum condition
Note: Fy = iw imposes conditions.

Definition

The symplectic manifold (M, w) is prequantisable if
ﬁ[w] € HﬁR(M,]R) is integral.

Topological condition: for £ < M a surface 7 [y w € Z.
Clear for [w] = 0—exact form.
Necessary: ci(L) = i [FV] is integral.
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Prequantisation

Prequantum condition
Note: Fy = iw imposes conditions.

Definition

The symplectic manifold (M, w) is prequantisable if

ﬁ[w] € HﬁR(M,]R) is integral.

Topological condition: for £ < M a surface 7 [y w € Z.
Clear for [w] = 0—exact form.
Necessary: ci(L) = i [FV] is integral.

Theorem (Kirillov, Konstant, Souriau)

Prequantisability is equivalent to the existence of prequantum data.
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Prequantisation

Prequantum condition
Note: Fy = iw imposes conditions.

Definition

The symplectic manifold (M, w) is prequantisable if
1

slw] € HﬁR(M,]R) is integral.

Topological condition: for £ < M a surface 7 [y w € Z.
Clear for [w] = 0—exact form.

Necessary: ci(L) = i [FV] is integral.

Theorem (Kirillov, Konstant, Souriau)

Prequantisability is equivalent to the existence of prequantum data.

Then choices parametrised by H! (M, U(1)).
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Polarisations

Issue
Problem: 7 too big.
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Geometric quantisation

@0000

Polarisations

Issue
Problem: 7 too big.

Example (Cont.)

Here H ~ L2(T* Q,C).
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Geometric quantisation

@0000

Polarisations

Issue
Problem: 7 too big.

Example (Cont.)

Here H ~ L2(T* Q,C).
Functions of positions and momenta

Hausdorff Centre for Mathematics (HCM)




Geometric quantisation

@0000

Polarisations

Issue
Problem: 7 too big.

Example (Cont.)

Here H ~ L2(T* Q,C).
Functions of positions and momenta, cannot measure
simultaneously (Heisenberg indeterminacy).
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Polarisations

Issue
Problem: 7 too big.

Example (Cont.)

Here H ~ L2(T* Q,C).
Functions of positions and momenta, cannot measure
simultaneously (Heisenberg indeterminacy).

Better: CCR/Weyl algebra generated by (X, Yi); with relations
(X1, Y;] = 8y, [Xi, X;] = [Y,Y5] =0.
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Polarisations

Issue
Problem: 7 too big.

Example (Cont.)

Here H ~ L2(T* Q,C).
Functions of positions and momenta, cannot measure
simultaneously (Heisenberg indeterminacy).

Better: CCR/Weyl algebra generated by (X, Yi); with relations
(X1, Y;] = 8y, [Xi, X5] = [Yi,Y;] =0.
Representation A — Op(H) via

Xi'—>uqi, Y1','—>—Vaq.l :—aqi.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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Polarisations

Issue II

Not irreducible: T; = pp, and T, = 9;,, commute with
representation.
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0O@000

Polarisations

Issue II

Not irreducible: T; = pp, and T, = 9;,, commute with
representation.

Problem: dependence on too many variables.
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Polarisations

Issue II

Not irreducible: T; = pp, and T, = 9;,, commute with
representation.

Problem: dependence on too many variables.
Solution: vanishing derivatives along some directions.
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Polarisations

Issue II

Not irreducible: T; = pp, and T, = 9;,, commute with
representation.

Problem: dependence on too many variables.
Solution: vanishing derivatives along some directions.

Definition
A submanifold A C (M, w) is Lagrangian if Ty A C Ty M
satisfies

Ty A =Ty Ate, for X EA.
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0O@000

Polarisations

Issue II

Not irreducible: T; = pp, and T, = 9;,, commute with
representation.

Problem: dependence on too many variables.
Solution: vanishing derivatives along some directions.

Definition
A submanifold A C (M, w) is Lagrangian if Ty A C Ty M
satisfies

Ty A =Ty Ate, for X EA.

In turn Ty At = {u € Ty M | wy(u,v) =0forve Ty A}
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Polarisations

Real polarisations

Example (Cont.)

Inside M =T*Q, q € Q:
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Polarisations

Real polarisations

Example (Cont.)

Inside M =T"Q, q € Q:

Aa=T;Q={(ap)|peR’}cM.
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Polarisations

Real polarisations

Example (Cont.)

Inside M =T*Q, q € Q:

Aa=T;Q={(ap)|peR’}cM.

So T(q,p)/Aq = spang { Op, }i
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Polarisations

Real polarisations

Example (Cont.)

Inside M =T*Q, q € Q:

Aa=T;Q={(ap)|peR’}cM.

S0 T(q,p)Aq = spang { 3y, }, = wlT/\q/\T/\q =0.
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Polarisations

Real polarisations

Example (Cont.)

Inside M =T*Q, q € Q:

Aa=T;Q={(ap)|peR’}cM.

S0 T(q,p)Aq = spang { 0y, };= wlT/\q/\T/\q =0.
Lagrangian by dim. count.
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Polarisations

Real polarisations

Example (Cont.)

Inside M =T*Q, q € Q:

Aa=T;Q={(ap)|peR’}cM.

S0 T(q,p)Aq = spang { 0y, };= wlT/\q/\T/\q =0.
Lagrangian by dim. count.

Here M = [ [ Aq: smooth foliation.
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Real polarisations

Example (Cont.)

Inside M =T*Q, q € Q:

/\qZT’an{(q,p)‘peR3}£M-
S0 T(q,p)Aq = spang { 0y, };= wlT/\q/\T/\q =0.
Lagrangian by dim. count.
Here M = [ [ Aq: smooth foliation.

Definition

A real polarisation P on (M, w) is a smooth foliation
M = [ [; A1 with A; € M Lagrangian for all i.
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Real polarisations

Example (Cont.)

Inside M =T*Q, q € Q:

/\qZT’an{(q,p)‘peR3}£M-
S0 T(q,p)Aq = spang { 0y, };= wlT/\q/\T/\q =0.
Lagrangian by dim. count.
Here M = [ [ Aq: smooth foliation.

Definition

A real polarisation P on (M, w) is a smooth foliation
M = [ [; A1 with A; € M Lagrangian for all i.
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Polarisations

Correction

Example (Cont.)

Note Vapiﬂ) = 0iff. 9p, P =0 a.e.

ele Rembado 1sdorff Centre for Mathematics (HCM)




Geometric quantisation

[e]e]e] lo}

Polarisations

Correction

Example (Cont.)

Note Vapiﬂ) = 0iff. 9p, P =0 a.e.
Le. functions of q € Q alone: polarised sections.
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Polarisations

Correction

Example (Cont.)

Note Vapiﬂ) = 0iff. 9p, P =0 a.e.
Le. functions of q € Q alone: polarised sections.

Definition
A section }: M — L is P-polarised if Vx = 0 for all vector
tields tangent to P.
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[e]e]e] lo}

Polarisations

Correction

Example (Cont.)

Note Vapiﬂ) = 0iff. 9p, P =0 a.e.
Le. functions of q € Q alone: polarised sections.

Definition
A section }: M — L is P-polarised if Vx = 0 for all vector
tields tangent to P.

Correct the quantum phase-space.
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Polarisations

Quantisation

Definition

The quantum space associated to the prequantised polarised
symplectic manifold (M, w, L, h, V, P) is the completion of the
space of smooth P-polarised sections of L — M.
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Polarisations

Quantisation

Definition

The quantum space associated to the prequantised polarised
symplectic manifold (M, w, L, h, V, P) is the completion of the
space of smooth P-polarised sections of L — M.

Recover Schrodinger quantisation of the point-particle
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Polarisations

Quantisation

Definition

The quantum space associated to the prequantised polarised
symplectic manifold (M, w, L, h, V, P) is the completion of the
space of smooth P-polarised sections of L — M.

Recover Schrodinger quantisation of the point-particle, and
irreducible position/momenta representations.
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Polarisations

Quantisation

Definition

The quantum space associated to the prequantised polarised
symplectic manifold (M, w, L, h, V, P) is the completion of the
space of smooth P-polarised sections of L — M.

Recover Schrodinger quantisation of the point-particle, and
irreducible position/momenta representations.

Crucial point: works much more generally.
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Table of Contents

Kéhler quantisation
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Polarisation rivisited

Extend notion of polarisations.

riele Rembado Hausdorff Centre for Mathematics (HCM)
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Polarisation rivisited
Extend notion of polarisations.

A polarisation P on (M, w) is an integrable Lagrangian
distribution inside Tc M = TM ®p C.
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Polarisation rivisited

Extend notion of polarisations.

Definition

A polarisation P on (M, w) is an integrable Lagrangian
distribution inside Tc M = TM ®p C.
(Use complexification of w).
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Polarisation rivisited

Extend notion of polarisations.

Definition

A polarisation P on (M, w) is an integrable Lagrangian
distribution inside Tc M = TM ®p C.
(Use complexification of w).

Le. P C T¢ M = involutive vector sub-bundle with Lagrangian
fibres ([P, P] CP).
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Polarisation rivisited

Extend notion of polarisations.

Definition
A polarisation P on (M, w) is an integrable Lagrangian
distribution inside Tc M = TM ®p C.

(Use complexification of w).

Le. P C T¢ M = involutive vector sub-bundle with Lagrangian
fibres ([P, P] CP).

Example (Cont.)

Take P(q,p) = complexification of Ty )Aq-

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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Ké&hler case

More general: S? has no real polarisation (hairy ball Thm.)
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Ké&hler case

More general: S? has no real polarisation (hairy ball Thm.)

Using complex structures Suppose (M, w, I) is Kahler (t.b.
axiomatised).
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Ké&hler case

More general: S? has no real polarisation (hairy ball Thm.)

Example

Using complex structures Suppose (M, w, I) is Kahler (t.b.
axiomatised).
Then P = Ty 1M is a polarisation.
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Ké&hler case

More general: S? has no real polarisation (hairy ball Thm.)

Example

Using complex structures Suppose (M, w, I) is Kahler (t.b.
axiomatised).
Then P = Ty 1M is a polarisation.

In practice more important than real
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Ké&hler case

More general: S? has no real polarisation (hairy ball Thm.)

Example

Using complex structures Suppose (M, w, I) is Kahler (t.b.
axiomatised).
Then P = Ty 1M is a polarisation.

In practice more important than real (used for coadjoint orbits
and moduli spaces for compact groups).

Hausdorff Centre for Mathematics (HCM)
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Linear Kahler structure

OnM=T"Q, w =) ;dqi/\dp; consider complex
coordinates:

zj = qj +1ip;.
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000800000000

Linear Kahler structure

OnM=T"Q, w =) ;dqi/\dp; consider complex
coordinates:

zj = qj +1ip;.

Associated to (constant) complex structure:

[: 0q; = Op;, Op; > —0g; -
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Linear Kahler structure

OnM=T"Q, w =) ;dqi/\dp; consider complex
coordinates:

zj = qj +1ip;.

Associated to (constant) complex structure:
[: 0q; = Op;, Op; > —0g; -
Then

(W, IXATY) = (w, XAY), (g, X®X) = (w,XAIX)>0.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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Linear Kahler structure

OnM=T"Q, w =) ;dqi/\dp; consider complex
coordinates:

zj = qj +1ip;.

Associated to (constant) complex structure:
[: 0q; = Op;, Op; > —0g; -
Then

(W, IXATY) = (w, XAY), (g, X®X) = (w,XAIX)>0.

Simply M = R6 ~ C3
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000800000000

Linear Kahler structure

OnM=T"Q, w =) ;dqi/\dp; consider complex
coordinates:

zj = qj +1ip;.

Associated to (constant) complex structure:
[: 0q; = Op;, Op; > —0g; -
Then
(w, IXATY) = (w, XA\Y), (g, X®X) = (w, X N\IX) > 0.

Simply M = R® ~ C3 (g = standard Riemannian metric).

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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Kahler structures

Definition

A Kéhler manifold is a triple (M, w, I), where (M, w) is
symplectic and I is a complex structure s.t.

(w, IXATY) = (w,XAY), (g, X®@X) = (w,XA\IX) >0,

for vector fields X, Y on M.
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Kahler structures

Definition

A Kéhler manifold is a triple (M, w, I), where (M, w) is
symplectic and I is a complex structure s.t.

(w, IXATY) = (w,XAY), (g, X®@X) = (w,XA\IX) >0,
for vector fields X, Y on M.

For us: they have Kdhler polarisation.
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Kahler structures

Definition

A Kéhler manifold is a triple (M, w, I), where (M, w) is
symplectic and I is a complex structure s.t.

(w, IXATY) = (w,XAY), (g, X®@X) = (w,XA\IX) >0,
for vector fields X, Y on M.
For us: they have Kdhler polarisation.

Geo. quant. Hilbert space H{ = 31 for them.
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Ké&hler quantisation
Suppose (M, w, I) is Kdhler.
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Ké&hler quantisation

Suppose (M, w, I) is Kdhler.
Polarised sections = holomorphic sections!
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Ké&hler quantisation

Suppose (M, w, I) is Kdhler.
Polarised sections = holomorphic sections!

Example (Holomorphic sections)

Using "1”

_Id+Hil

vO,l
2

V.
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Ké&hler quantisation

Suppose (M, w, I) is Kdhler.
Polarised sections = holomorphic sections!

Example (Holomorphic sections)

Using "1”

_ Id il
)
Then L — M = holomorphic line bundle.

gk V.
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Ké&hler quantisation

Suppose (M, w, I) is Kdhler.
Polarised sections = holomorphic sections!

Example (Holomorphic sections)

Using "1”

_ Id il
-2
Then L — M = holomorphic line bundle.

Thus ¥ polarised = V%1 = 0 = 1} holomorphic.

gk V.
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Ké&hler quantisation

Suppose (M, w, I) is Kdhler.
Polarised sections = holomorphic sections!

Example (Holomorphic sections)

Using "1”
Id +iI
2
Then L — M = holomorphic line bundle.
Thus ¥ polarised = V%1 = 0 = 1} holomorphic.
So

Vol = V.

Jﬁ:{weHWMJWJ mm¢w<+m}.

M
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Identification sections/functions

Example (Cont.)

Holomorphic frame for L = M x C:

1
= exp (_2’h|ZIZ> .
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Identification sections/functions

Example (Cont.)

Holomorphic frame for L = M x C:

1
0 =exp (—2h|2|2> .

Then 1 = fo holomorphic

0=V"(fo)=f®oc+fV¥ic=03f®o0,
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Identification sections/functions

Example (Cont.)

Holomorphic frame for L = M x C:

1
0 =exp (—2h|2|2> .

Then 1 = fo holomorphic

0=V"(fo)=f®oc+fV¥ic=03f®o0,

i.e. iff. f holomorphic.
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Identification sections/functions

Example (Cont.)

Holomorphic frame for L = M x C:

1. 5
0 =exp —ﬁlzl .

Then 1 = fo holomorphic

0=V"(fo)=f®oc+fV¥ic=03f®o0,

i.e. iff. f holomorphic.
So

Hy ~ {fe H'(M, C) ’ J [flh(o, 0)v < —1—00} .

M
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Segal-Bargmann space

Example (Cont.)

Compute:
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Segal-Bargmann space

Example (Cont.)

Compute:

Get the Segal-Bargmann space:

3, { f e H(M,C) ‘ J 12 () exp— =l dz/\dz} .

M
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Segal-Bargmann space

Example (Cont.)

Compute:

Get the Segal-Bargmann space:

3, { f e H(M,C) ‘ J 12 () exp— =l dz/\dz} .

M

With annihilation/creation:

*
ai = Kz, ai =0z, .
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Segal-Bargmann space II

Introduced as functional Hilbert space (Bargmann, 1961) with

uy, = ho, .
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Segal-Bargmann space II

Introduced as functional Hilbert space (Bargmann, 1961) with
uy, = ho, .

Indeed

(05, | f) :J 0, Fexp (—1|z|2) dzAdz.
M h
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Segal-Bargmann space II

Introduced as functional Hilbert space (Bargmann, 1961) with
uy, = ho, .

Indeed

(05, | f) :J 0, Fexp (—1|z|2) dzAdz.
M h

But (azif— %f) exp (—%Izl2> =0, <f.fexp (—1}1|Z|2>>.
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Segal-Bargmann space II

Introduced as functional Hilbert space (Bargmann, 1961) with
uy, = ho, .

Indeed

(05, | f) :J 0, Fexp (—1|z|2) dzAdz.
M h

But (azif— %f) exp (—%Izl2> =0, <f.fexp (—1}1|Z|2>>.
Hence (0., f | f) = (f | £f).
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Toeplitz operators

Problem: for f € L¥ (M, C) we have us: Hy — L?(M, C), not
landing into ;.
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Toeplitz operators

Problem: for f € L¥ (M, C) we have us: Hy — L?(M, C), not
landing into ;.
Solution: denote : L2(M,C) — 3 the orthogonal projection.
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Toeplitz operators

Problem: for f € L¥ (M, C) we have us: Hy — LZ(M,C), not

landing into ;.
Solution: denote : L2(M,C) — 3 the orthogonal projection.

Definition

The Toeplitz operator associated to f € H(M, L) is

Tf I:ﬂouf.
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Toeplitz operators

Problem: for f € L¥ (M, C) we have us: Hy — LZ(M,C), not

landing into ;.
Solution: denote : L2(M,C) — 3 the orthogonal projection.

Definition

The Toeplitz operator associated to f € H(M, L) is

Tf I:ﬂouf.

Also called Berezin—Toeplitz quantisation.
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Back to deformations

Actually TT = TT(™) (3(; depends on h).
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Back to deformations

Actually TT = TT(™) (3(; depends on h). So Ty = Tf(h).
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Back to deformations

Actually TT = TT(™) (3(; depends on h). So Ty = Tf(h).

Theorem (Bordemann—-Meinrenken—-Schlichenmaier,

1994)

h h
> T < Ifllie, and | T | = [[llie as B — 0.
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Back to deformations

Actually TT = TT(™) (3(; depends on h). So Ty = Tf(h).

Theorem (Bordemann—-Meinrenken—-Schlichenmaier,

1994)

h h
> T < Ifllie, and | T | = [[llie as B — 0.
» One has

irr(h) (h) (h)
||1TL[Tf Ty ]_T{f,g}H:O(h)/ h—0.
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Back to deformations
Actually T = T (3, depends on h). So T¢ = Tf(h).

Theorem (Bordemann—-Meinrenken—-Schlichenmaier,

1994)

h h
> T < Ifllie, and | T | = [[llie as B — 0.
» One has

irr(h) (h) (h)
||1TL[Tf Ty ]_T{f,g}H:O(h)/ h—0.

Hence f * g defined by T¢ Ty = T, yields a h-deformation.
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THANK YOU FOR YOUR
ATTENTION!

Mathemat;
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