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Classical mechanics

Main notions
Classical systems are given by:
I states;

I observables;
I time-evolution of such.

Example (Classical point-particle in euclidean space)

Dimensionless particle, mass m ∈ R>0, in Q = R3.
I State: position q ∈ R3 and velocity v ∈ R3. (Or momenta

p = mv.)
I Can measure kinetic energy: K = 1

2mv
2.

I Evolution: mechanical energy H = K+ V preserved (V
some potential).
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Classical mechanics

Phase-space

Classical phase-space = smooth manifold M (plus structure).
Points parametrise states.

Example (Cont.)

Here M = R3 ×R3 = R6.
Conceptually M = TQ, tangent bundle: velocity vector
tangent to trajectories q = q(t).
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Classical mechanics

Observables

Definition
A classical observable is a smooth function f : M→ R.

Example (Cont.)

Euclidean metric on Q = R3.
Consider K : TQ→ R, K(q,p) := 1

2mp
2.

(Here Riemannian structure on M.)
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Classical mechanics

State-observable duality

Points of M = pure state (nonstatistical mechanics).

Else mixed states = probability measures on M—pure states are
extremal (Dirac measures).

Definition
The value of the observable f : M→ R at the pure state x ∈M
is f(x) ∈ R.

In general expected values 〈f 〉x of observables. There’s a pairing
(think: distributions).
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Classical mechanics

Motion
Example (Cont.)

Eqs. of motion à la Newton: F = −gradV is the force, so

q̇ = v , mv̇ = −gradV ,

or
q̇ =

p

m
, ṗ = −gradV .

Equivalent to eqs. of motion à la Hamilton:

q̇ =
∂H

∂p
, ṗ = −

∂H

∂q
.

Define a vector field XH = XH(q,p) on M.
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Classical mechanics

Symmetries

Association H 7→ XH. (Spoiler: Poisson bracket).

Example (Cont.)

Solve the Cauchy problem{
(q̇, ṗ) = XH(q,p) ,(
q(0),p(0)

)
= (q0,p0) .

Get one-parameter group ϕH : R→ Diff(M), acting on
observables:

Utf(q,p) = f
(
ϕHt (q,p)

)
.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Classical mechanics

Symmetries

Association H 7→ XH. (Spoiler: Poisson bracket).

Example (Cont.)

Solve the Cauchy problem{
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Classical mechanics

Infinitesimal symmetries

Observables evolve: ft = Utf, t ∈ R.

Example (Cont.)

Differentiate:

∂ft

∂t
= ∂fs+t

∂s

∣∣∣
s=0

=
∂(ft◦ϕHs )

∂s

∣∣∣
s=0

= grad(ft) ·XH .

So:
ḟt = XH(ft) = {H, ft } :=

∂H

∂p

∂ft

∂q
−
∂H

∂q

∂ft

∂p
.

This we abstract/generalise.
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Classical mechanics

Time evolution

With an operation { ·, · } : C∞(M)×C∞(M)→ C∞(M) (t.b.
axiomatised).

Definition
In the Hamiltonian picture of motion observables evolve via
ḟ = {H, f }, where H : M→ R is a preferred observable: the
Hamiltonian of the system.

Equivalent to Liouville picture: states vary via Liouville eqs.
In general: study evolution of exp. values (f, x) 7→ 〈 f 〉x.
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Classical mechanics

Poisson structure

Definition
A Poisson manifold is a pair

(
M, { ·, · }

)
, where M is a smooth

manifold and { ·, · } : C∞(M)∧C∞(M)→ C∞(M) a Lie bracket
satisfying Leibnitz’s rule:

{H, fg } = f {H,g }+ {H, f }g , for H, f,g ∈ C∞(M) .

(Hence XH = {H, · } is a derivation.)

Classical systems = Poisson manifolds with a Hamiltonian.
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Quantum mechanics

Phase-space
Still want states-observables duality and evolution.

Definition
A quantum phase-space is the projectivisation of a separable
complex Hilbert space

(
H, 〈· | ·〉

)
.

Pure states = lines in H = unitary vectors up to phase.

Example (Quantum point-particle in euclidean space)

Lebesgue measure dq on Q = R3, H = L2(Q, C), and

〈ψ | ψ ′〉 :=
∫
Q

ψψ ′ dq .
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Quantum mechanics

Definition
A quantum observable is a selfadjoint operator T : D(T)→ H

(with domain D(T) ⊆ H).

Example (Cont.)

Multiplication µf : ψ 7→ fψ for f ∈ L∞loc(Q), domain

D(µf) = {ψ ∈ H | fψ ∈ H } ⊆ H .

(Selfadjoint iff. f(x) ∈ R for dq-a.e. x ∈ Q.)
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Quantum mechanics

Duality

Exp. values are defined.

Definition
The expected value of the observable T : D(T)→ H in the state
ψ ∈ P

(
D(T)

)
is

〈T〉ψ := 〈Tψ | ψ〉 = 〈ψ | Tψ〉 ∈ R .

Note 〈T〉eiθψ = 〈T〉ψ, θ ∈ R.
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Quantum mechanics

Evolution
Preferred observable Ĥ (quantum Hamiltonian),  h ∈ R.

Definition
In the Heisenberg picture of motion observables evolve
according to Heisenberg equation:

Ṫ =
i
 h

[
Ĥ, T

]
.

(It preserves selfadjoint-ness.)

Equivalent to Schrödinger picture:

ψ̇ = −
i
 h
Ĥψ .
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Preferred observable Ĥ (quantum Hamiltonian),  h ∈ R.

Definition
In the Heisenberg picture of motion observables evolve
according to Heisenberg equation:
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Ĥ, T

]
.

(It preserves selfadjoint-ness.)

Equivalent to Schrödinger picture:

ψ̇ = −
i
 h
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Quantum mechanics

Symmetries

Again evolution operators Ut ∈ U(H):

Ut = exp
(
−
it
 h
Ĥ

)
, whence Tt = U

†
tTUt .

And { ·, · } h = i
 h

[
·, ·
]

a Poisson bracket.

Mathematically: compare with
(
M, { ·, · }

)
. Obtain { ·, · } from

{ ·, · } h as  h→ 0.
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Ĥ

)
, whence Tt = U

†
tTUt .

And { ·, · } h = i
 h

[
·, ·
]

a Poisson bracket.

Mathematically: compare with
(
M, { ·, · }

)
. Obtain { ·, · } from

{ ·, · } h as  h→ 0.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Table of Contents

Mathematical dictionary

Algebraic detour

Geometric quantisation

Kähler quantisation

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Deformations

A commutative Poisson algebra
(
A0, { ·, · }

)
over C—think:

A0 = C∞(M, C).

Consider  h a variable.

Definition
A  h-deformation of A0 is a CJ hK-algebra (A, ∗) s.t. A

/
 hA ' A0.

Thus A ' A0J hK:

T ∈ A =⇒ T =
∑
k>0

fk h
k , fk ∈ A0 .
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Products and commutators

Expand product of A0 in A:

f ∗ g =
∑
k>0

ck(f,g) hk , for f,g ∈ A0 ,

ck : A0 ⊗A0 → A0 (c0 = commutative product of A0).

Hence[
f,g
]
= f ∗ g− g ∗ f =

∑
k>1

(
ck(f,g) − ck(g, f)

)
 hk = O( h) .

Lives inside  hA ⊆ A: divide by  h.
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Proposition

For f,g ∈ A0 define

{ f,g }A :=
1
 h

[
f,g
]
+  hA .

Then { ·, · }A : A0 ∧A0 → A0 is a Poisson bracket.

Definition
A (formal) deformation quantisation of

(
A0, { ·, · }

)
is an

 h-deformation (A, ∗) such that { ·, · } = { ·, · }A. Conversely(
A0, { ·, · }

)
is the semiclassical limit of (A, ∗).

Formalises 1
 h

[
f,g
]
− { f,g } = O( h).
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Complex variables

Sometime algebraic deformations: family of algebras A h.

Get brackets { ·, · } h (think: family of quantum theories)
degenerating to { ·, · } as  h→ 0.

Problem: construct quantisation with semiclassical limit(
A0, { ·, · }

)
.

Theorem (Kontsevich: formality, 1997)

These always exist for A0 = C∞(M, C).

That’s not all.
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Goals and obstacles

Construct quantum phase-spaces from Poisson manifolds:
viewpoint of geometric quantisation.

Moreover: construct Q : C∞(M, C)→ Op(H) with Dirac
axioms, e.g. Q

(
f
)
= Q(f)†, Q

(
{ f,g }) = i

 h

[
Q(f),Q(g)

]
.

Theorem (Groenewold–Van Hove: no go, 1946–1951)

Impossible even on flat space.

Still geo. quant. made significant advances (esp. in
Mathematics).
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Prequantisation

Vector space
Try: define H as a space of functions on M.

Problem: maybe not lots of them.
Solution: sections of line bundles.

Definition
A complex line bundle on M is a smooth map π : L→M s.t.
I Lx = π−1(x) ' C as vector spaces;
I for all x ∈M there is a nbhd. U ⊆M with a diffeo.
π−1(U)

ϕU−−→ U×C, and π = prU ◦ϕU;
I if U,V ⊆M are like that then ϕV ◦ϕ−1

U : (U∩ V)×C 	 is
fibrewise linear.

Sections = maps ψ : M→ L with π ◦ψ = IdM.
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Prequantisation

Back to favourite example

Example (Free point-particle)

Again M = R6.

Just L :=M×C→M—trivial line bundle.

Take U =M for x ∈M, ϕU = IdL. (No check for intersections.)

Sections = complex-valued functions on M.
Curved phase-space =⇒ possibly nontrivial line bundles.

Denote Ω0(M,L) =
{
ψ ∈ C∞(M,L)

∣∣ ψ ◦ π = IdM
}

.
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Prequantisation

Inner product
Want: inner product on sections.

Problem: cannot measure lengths.
Solution: Hermitian metrics.

Definition
A Hermitian metric on the line bundle L→M is a smooth
function h : L× L→ C s.t. hx = h

∣∣
Lx×Lx → C is a

positive-definite Hermitian product for all x ∈M.

Define
〈ψ | ψ ′〉 =

∫
M

h(ψ,ψ ′)ν ,

ν ∈ Ωtop(M) volume form.
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Prequantisation

Example (Cont.)

Take h : L× L→ C with

h
(
(x,η), (x ′,η ′)

)
:= ηη ′ , x, x ′ ∈M,η,η ′ ∈ C .

(Tautological metric.)
Volume form: ν = dq1 ∧ dq2 ∧ dq3 ∧ dp1 ∧ dp2 ∧ dp3.
Get Lebesgue integrals:

(
H, 〈· | ·〉

)
= L2(M, C).

Something to adjust... see later.
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Prequantisation

Observable quantisation

Want: operators Tf : D(Tf)→ H attached to f : M→ R.

Problem: only multiplication operators µf : ψ 7→ fψ (no action
of Xf = { f, · }).
Solution: connections!

Definition
A connection on the line bundle L→M is a first-order
differential operator ∇ : Ω0(M,L)→ Ω1(M,L) satisfying
Leibnitz’s rule:

∇(fψ) = df⊗ψ+ f∇ψ .

(Here Ω1(M,L) is the space of 1-forms with values in L.)
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Prequantisation

On connections

On π−1(U) ' U×C sections = functions

∇ = d+α , α ∈ Ω1(M, C) .

Thus ∇Xψ = ∂Xψ+ 〈α,X〉ψ = new section (X vector field).

Definition
The prequantum operator associated to f : M→ C is

Tf := µf + i∇Xf .

Acts on Ω0(M,L), extend to D(Tf) ⊆ H.
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Prequantisation

Adjustments

Problem: no natural connection in the example.

Also: symmetry of Tf? Need 〈Tfψ | ψ ′〉 = 〈ψ | Tfψ
′〉 for f real.

Good:

〈µfψ | ψ ′〉 =
∫
M

h(fψ,ψ ′)ν =

∫
M

h(ψ, fψ ′)ν = 〈ψ | µfψ
′〉 .

But 〈∇Xfψ | ψ ′〉 is bad: need compatibility between metric and
connection.
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Prequantisation

Compatible connection
Definition
The connection ∇ on the Hermitian line bundle (L,h)→M is
h-compatible if

LXh(ψ,ψ ′) = h
(
∇Xψ,ψ ′

)
+ h
(
ψ,∇Xψ ′

)
,

for all vector fields X on M.

Lie derivative = ordinary function derivative here.

Example (Cont.)

Take ∇ = d+iα with α real.
Compatibility follows from sesquilinearity of h.
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Prequantisation

More adjustments

How to control
[
Tf, Tg

]
?

Note[
Tf, Tg

]
ψ = i

[
µf,∇Xg

]
ψ+ i

[
∇Xf ,µg

]
ψ−

[
∇Xf ,∇Xg

]
ψ .

Good:[
µf,∇Xg

]
ψ = f∇Xgψ−∇Xg(fψ) = −Xg(f)ψ = { f,g }ψ ,

but
[
∇Xf ,∇Xg

]
is bad: need more about curvature.
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Prequantisation

Curvature

Definition
The curvature of the connection ∇ is the 2-form
F∇ ∈ Ω2(M, C) defined by

〈F∇,X∧ Y〉 =
[
∇X,∇Y

]
−∇[X,Y] ,

for vector fields X, Y.

Here: [
∇Xf ,∇Xg

]
= 〈F∇,Xf ∧Xg〉+∇[Xf,Xg] .

Upshot: control curvature.
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Prequantisation

Symplectic structure

Important class of Poisson manifolds.

Definition
A symplectic manifold is a pair (M,ω), where M is a smooth
manifold and ω ∈ Ω2(M, R) a nondegenerate closed 2-form.

Closed⇒ dω = 0. (Analysis)
Nondegenerate⇒ ωx : TxM∧ TxM→ R nondeg. for x ∈M.
(Algebra)

Hamiltonian fields =⇒ 〈ω,Xf ∧ ·〉+ df = 0.
Poisson bracket =⇒ { f,g } = Xf(g) = −Xg(f).
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Closed⇒ dω = 0. (Analysis)
Nondegenerate⇒ ωx : TxM∧ TxM→ R nondeg. for x ∈M.
(Algebra)

Hamiltonian fields =⇒ 〈ω,Xf ∧ ·〉+ df = 0.
Poisson bracket =⇒ { f,g } = Xf(g) = −Xg(f).
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Preferred connection
Example (Cont.)

On M = R6 take

ω =

3∑
i=1

dqi ∧ dpi .

Note ω = dα, α =
∑
i qi dpi (Liouville potential) =⇒ closed.

Also 〈ω,∂qi ∧ ∂pj〉 = δij =⇒ nondegenerate.
Conceptually M = T∗R3. Note ν = ω∧3

3! (Liouville volume).

Now take ∇ = d−iα (h-compatible).
Note:

F∇ = −idα = −iω .

This we abstract/generalise.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Prequantisation

Preferred connection
Example (Cont.)

On M = R6 take

ω =

3∑
i=1

dqi ∧ dpi .

Note ω = dα, α =
∑
i qi dpi (Liouville potential)

=⇒ closed.
Also 〈ω,∂qi ∧ ∂pj〉 = δij =⇒ nondegenerate.
Conceptually M = T∗R3. Note ν = ω∧3

3! (Liouville volume).

Now take ∇ = d−iα (h-compatible).
Note:

F∇ = −idα = −iω .

This we abstract/generalise.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Prequantisation

Preferred connection
Example (Cont.)

On M = R6 take

ω =

3∑
i=1

dqi ∧ dpi .

Note ω = dα, α =
∑
i qi dpi (Liouville potential) =⇒ closed.

Also 〈ω,∂qi ∧ ∂pj〉 = δij =⇒ nondegenerate.
Conceptually M = T∗R3. Note ν = ω∧3

3! (Liouville volume).

Now take ∇ = d−iα (h-compatible).
Note:

F∇ = −idα = −iω .

This we abstract/generalise.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Prequantisation

Preferred connection
Example (Cont.)

On M = R6 take

ω =

3∑
i=1

dqi ∧ dpi .

Note ω = dα, α =
∑
i qi dpi (Liouville potential) =⇒ closed.

Also 〈ω,∂qi ∧ ∂pj〉 = δij

=⇒ nondegenerate.
Conceptually M = T∗R3. Note ν = ω∧3

3! (Liouville volume).

Now take ∇ = d−iα (h-compatible).
Note:

F∇ = −idα = −iω .

This we abstract/generalise.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Prequantisation

Preferred connection
Example (Cont.)

On M = R6 take

ω =

3∑
i=1

dqi ∧ dpi .

Note ω = dα, α =
∑
i qi dpi (Liouville potential) =⇒ closed.

Also 〈ω,∂qi ∧ ∂pj〉 = δij =⇒ nondegenerate.

Conceptually M = T∗R3. Note ν = ω∧3

3! (Liouville volume).

Now take ∇ = d−iα (h-compatible).
Note:

F∇ = −idα = −iω .

This we abstract/generalise.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Prequantisation

Preferred connection
Example (Cont.)

On M = R6 take

ω =

3∑
i=1

dqi ∧ dpi .

Note ω = dα, α =
∑
i qi dpi (Liouville potential) =⇒ closed.

Also 〈ω,∂qi ∧ ∂pj〉 = δij =⇒ nondegenerate.
Conceptually M = T∗R3.

Note ν = ω∧3

3! (Liouville volume).

Now take ∇ = d−iα (h-compatible).
Note:

F∇ = −idα = −iω .

This we abstract/generalise.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Prequantisation

Preferred connection
Example (Cont.)

On M = R6 take

ω =

3∑
i=1

dqi ∧ dpi .

Note ω = dα, α =
∑
i qi dpi (Liouville potential) =⇒ closed.

Also 〈ω,∂qi ∧ ∂pj〉 = δij =⇒ nondegenerate.
Conceptually M = T∗R3. Note ν = ω∧3

3! (Liouville volume).

Now take ∇ = d−iα (h-compatible).
Note:

F∇ = −idα = −iω .

This we abstract/generalise.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Prequantisation

Preferred connection
Example (Cont.)

On M = R6 take

ω =

3∑
i=1

dqi ∧ dpi .

Note ω = dα, α =
∑
i qi dpi (Liouville potential) =⇒ closed.

Also 〈ω,∂qi ∧ ∂pj〉 = δij =⇒ nondegenerate.
Conceptually M = T∗R3. Note ν = ω∧3

3! (Liouville volume).

Now take ∇ = d−iα (h-compatible).

Note:
F∇ = −idα = −iω .

This we abstract/generalise.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Prequantisation

Preferred connection
Example (Cont.)

On M = R6 take

ω =

3∑
i=1

dqi ∧ dpi .

Note ω = dα, α =
∑
i qi dpi (Liouville potential) =⇒ closed.

Also 〈ω,∂qi ∧ ∂pj〉 = δij =⇒ nondegenerate.
Conceptually M = T∗R3. Note ν = ω∧3

3! (Liouville volume).

Now take ∇ = d−iα (h-compatible).
Note:

F∇ = −idα = −iω .

This we abstract/generalise.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Prequantisation

Preferred connection
Example (Cont.)

On M = R6 take

ω =

3∑
i=1

dqi ∧ dpi .

Note ω = dα, α =
∑
i qi dpi (Liouville potential) =⇒ closed.

Also 〈ω,∂qi ∧ ∂pj〉 = δij =⇒ nondegenerate.
Conceptually M = T∗R3. Note ν = ω∧3

3! (Liouville volume).

Now take ∇ = d−iα (h-compatible).
Note:

F∇ = −idα = −iω .

This we abstract/generalise.
Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Prequantisation

Prequantisation

Take a symplectic manifold (M,ω).

Definition
Prequantum data on (M,ω) are a triple (L,h,∇), where:
I L→M is a line bundle;
I h : L× L→ C is a Hermitian metric;
I ∇ is an h-compatible connection s.t. F∇ = −iω.

Prequantum Hilbert space = completion of Ω0(M,L) for
ψ 7→

∫
M h(ψ,ψ)ν, ν = eω.

And prequantum operators via ∇.
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Prequantisation

Some hope

Consider Q : C∞(M, C)→ Op(H) with Q(f) := Tf.

Theorem
The map Q is C-linear. Also Q(1) = IdH and Tf is symmetric for f
real.

Linearity: µf+λg = µf + λµg, Xf+λg = Xf + λXg and
∇φX = φ∇X (f,g,φ : M→ C, λ ∈ C).
Normalisation: Xf = 0 for f constant=⇒ T1 = µ1.

Let’s see about symmetry.
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About symmetry

Need to study

〈i∇Xfψ | ψ ′〉 =
∫
M

h
(
i∇Xfψ,ψ ′

)
ν .

By compatibility

h
(
i∇Xfψ,ψ ′

)
= iLXh(ψ,ψ ′) − h

(
iψ,∇Xfψ

′) ,

and ”i“ fix signs.
To show: ∫

M

(
LXF

)
ν = 0 , F = h(ψ,ψ ′) .
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About symmetry II
Cartan (magic) formula:

LX = d◦ιX + ιX ◦ d,

with ιX = left insertion of X in differential form.

Lemma
One has LXfω = 0 for all f ∈ C∞(M, R).

Proof.

LXfω = ιXf dω+ d〈ω,Xf ∧ ·〉 = d(df) = 0.
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About symmetry III

Corollary (Liouville thm.)

Hamiltonian flows preserve the Liouville volume:

LXfν = LXfe
ω = 0 .

Since LX(α∧β) = (LXα)∧β+α∧LXβ. Thus(
LXfF

)
ν = LXf

(
Fν
)

.

But ν ∈ Ωtop(M, R) closed=⇒ LXf
(
Fν
)
= d
(
ιXfFν

)
.

Integral of exact form vanishes by Stokes (∂M = ∅).
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Prequantisation

Quantum level

Let κ > 0 be an integer.

Definition
Prequantum data at level κ for (M,ω) are a triple (L,h,∇) as
above, where

F∇ = iκω .

Idea: κ =  h−1, semiclassical asymptotics for κ→ +∞.
One way: replace L→M by L⊗κ, induce metric and
connection.
Later: semiclassical limit in Berezin–Toeplitz quantisation.
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Prequantisation

Prequantum condition
Note: F∇ = iω imposes conditions.

Definition
The symplectic manifold (M,ω) is prequantisable if

1
2π [ω] ∈ H2

dR(M, R) is integral.

Topological condition: for Σ ↪→M a surface 1
2π

∫
Σω ∈ Z.

Clear for
[
ω
]
= 0—exact form.

Necessary: c1(L) =
i

2π

[
F∇
]

is integral.

Theorem (Kirillov, Konstant, Souriau)

Prequantisability is equivalent to the existence of prequantum data.

Then choices parametrised by H1
(
M, U(1)

)
.
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Polarisations

Issue
Problem: H too big.

Example (Cont.)

Here H ' L2(T∗Q, C).
Functions of positions and momenta, cannot measure
simultaneously (Heisenberg indeterminacy).

Better: CCR/Weyl algebra generated by (Xi, Yi)i with relations

[Xi, Yj] = δij ,
[
Xi,Xj

]
=
[
Yi, Yj

]
= 0 .

Representation A→ Op(H) via

Xi 7−→ µqi , Yi 7−→ −∇∂qi = −∂qi .
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Polarisations

Issue II

Not irreducible: Ti = µpi and T ′i = ∂pi commute with
representation.

Problem: dependence on too many variables.
Solution: vanishing derivatives along some directions.

Definition
A submanifold Λ ⊆ (M,ω) is Lagrangian if TxΛ ⊆ TxM
satisfies

TxΛ = TxΛ⊥ω , for x ∈ Λ .

In turn TxΛ⊥ω =
{
u ∈ TxM

∣∣ ωx(u, v) = 0 for v ∈ TxΛ
}

.
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Polarisations

Real polarisations
Example (Cont.)

Inside M = T∗Q, q ∈ Q:

Λq = T∗qQ =
{
(q,p)

∣∣∣ p ∈ R3
}
⊆M .

So T(q,p)Λq = spanR

{
∂pi
}
i
=⇒ ω

∣∣
TΛq∧TΛq

= 0.
Lagrangian by dim. count.

Here M =
∐

qΛq: smooth foliation.

Definition
A real polarisation P on (M,ω) is a smooth foliation
M =

∐
iΛi with Λi ⊆M Lagrangian for all i.
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Polarisations

Correction

Example (Cont.)

Note ∇∂piψ = 0 iff. ∂piψ = 0 a.e.

I.e. functions of q ∈ Q alone: polarised sections.

Definition
A section ψ : M→ L is P-polarised if ∇Xψ = 0 for all vector
fields tangent to P.

Correct the quantum phase-space.
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Polarisations

Quantisation

Definition
The quantum space associated to the prequantised polarised
symplectic manifold (M,ω,L,h,∇,P) is the completion of the
space of smooth P-polarised sections of L→M.

Recover Schrödinger quantisation of the point-particle, and
irreducible position/momenta representations.

Crucial point: works much more generally.
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Polarisation rivisited
Extend notion of polarisations.

Definition
A polarisation P on (M,ω) is an integrable Lagrangian
distribution inside TCM = TM⊗R C.
(Use complexification of ω).

I.e. P ⊆ TCM = involutive vector sub-bundle with Lagrangian
fibres (

[
P,P

]
⊆ P).

Example (Cont.)

Take P(q,p) = complexification of T(q,p)Λq.
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Kähler case

More general: S2 has no real polarisation (hairy ball Thm.)

Example

Using complex structures Suppose (M,ω, I) is Kähler (t.b.
axiomatised).
Then P = T0,1M is a polarisation.

In practice more important than real (used for coadjoint orbits
and moduli spaces for compact groups).
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Linear Kähler structure
Example

On M = T∗Q, ω =
∑
i dqi ∧ dpi consider complex

coordinates:
zj = qj + ipj .

Associated to (constant) complex structure:

I : ∂qj 7→ ∂pj , ∂pj 7→ −∂qj .

Then

〈ω, IX∧ IY〉 = 〈ω,X∧ Y〉 , 〈g,X⊗X〉 := 〈ω,X∧ IX〉 > 0 .

Simply M = R6 ' C3 (g = standard Riemannian metric).
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Kähler structures

Definition
A Kähler manifold is a triple (M,ω, I), where (M,ω) is
symplectic and I is a complex structure s.t.

〈ω, IX∧ IY〉 = 〈ω,X∧ Y〉 , 〈g,X⊗X〉 := 〈ω,X∧ IX〉 > 0 ,

for vector fields X, Y on M.

For us: they have Kähler polarisation.

Geo. quant. Hilbert space H = HI for them.
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Kähler quantisation
Suppose (M,ω, I) is Kähler.

Polarised sections = holomorphic sections!

Example (Holomorphic sections)

Using ”I“

∇0,1 =
Id+iI

2
∇ .

Then L→M = holomorphic line bundle.
Thus ψ polarised =⇒ ∇0,1ψ = 0 =⇒ ψ holomorphic.
So

HI =

{
ψ ∈ H0(M,L)

∣∣∣∣ ∫
M

h(ψ,ψ)ν < +∞} .
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Identification sections/functions
Example (Cont.)

Holomorphic frame for L =M×C:

σ := exp
(
−

1
2 h

|z|2
)

.

Then ψ = fσ holomorphic

0 = ∇0,1(fσ) = ∂f⊗ σ+ f∇0,1σ = ∂f⊗ σ ,

i.e. iff. f holomorphic.
So

HI '
{
f ∈ H0(M, C)

∣∣∣∣ ∫
M

|f|h(σ,σ)ν < +∞} .
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Segal–Bargmann space
Example (Cont.)

Compute:

h(σ,σ) = exp
(
−

1
 h
|z|2
)

.

Get the Segal–Bargmann space:

HI '
{
f ∈ H0(M, C)

∣∣∣∣ ∫
M

|f|2 (z) exp− 1
 h|z|

2
dz∧ dz

}
.

With annihilation/creation:

a∗i = µzi , ai = ∂zi .
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Segal–Bargmann space II

Introduced as functional Hilbert space (Bargmann, 1961) with

µ∗zi =
 h∂zi .

Indeed

〈∂zif | f〉 =
∫
M

∂zif · f exp
(
−

1
 h
|z|2
)

dz∧ dz .

But
(
∂zif−

zi
 h f
)

exp
(
− 1

 h |z|
2
)
= ∂zi

(
f · f exp

(
− 1

 h |z|
2
))

.

Hence 〈∂zif | f〉 = 〈f |
zi
 h f〉.
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Toeplitz operators

Problem: for f ∈ L∞loc(M, C) we have µf : HI → L2(M, C), not
landing into HI.

Solution: denote Π : L2(M, C)→ HI the orthogonal projection.

Definition
The Toeplitz operator associated to f ∈ H0(M,L) is

Tf := Π ◦ µf .

Also called Berezin–Toeplitz quantisation.
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Back to deformations

Actually Π = Π( h) (HI depends on  h).

So Tf = T
( h)
f .

Theorem (Bordemann–Meinrenken–Schlichenmaier,
1994)

I ‖T ( h)f ‖ 6 ‖f‖L∞ , and ‖T ( h)f ‖ → ‖f‖L∞ as  h→ 0.
I One has

‖ i
 h

[
T
( h)
f , T (

 h)
g

]
− T

( h)
{ f,g }

‖ = O( h) ,  h→ 0 .

Hence f ∗ g defined by TfTg = Tf∗g yields a  h-deformation.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Back to deformations

Actually Π = Π( h) (HI depends on  h). So Tf = T
( h)
f .

Theorem (Bordemann–Meinrenken–Schlichenmaier,
1994)

I ‖T ( h)f ‖ 6 ‖f‖L∞ , and ‖T ( h)f ‖ → ‖f‖L∞ as  h→ 0.
I One has

‖ i
 h

[
T
( h)
f , T (

 h)
g

]
− T

( h)
{ f,g }

‖ = O( h) ,  h→ 0 .

Hence f ∗ g defined by TfTg = Tf∗g yields a  h-deformation.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Back to deformations

Actually Π = Π( h) (HI depends on  h). So Tf = T
( h)
f .

Theorem (Bordemann–Meinrenken–Schlichenmaier,
1994)

I ‖T ( h)f ‖ 6 ‖f‖L∞ , and ‖T ( h)f ‖ → ‖f‖L∞ as  h→ 0.

I One has

‖ i
 h

[
T
( h)
f , T (

 h)
g

]
− T

( h)
{ f,g }

‖ = O( h) ,  h→ 0 .

Hence f ∗ g defined by TfTg = Tf∗g yields a  h-deformation.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Back to deformations

Actually Π = Π( h) (HI depends on  h). So Tf = T
( h)
f .

Theorem (Bordemann–Meinrenken–Schlichenmaier,
1994)

I ‖T ( h)f ‖ 6 ‖f‖L∞ , and ‖T ( h)f ‖ → ‖f‖L∞ as  h→ 0.
I One has

‖ i
 h

[
T
( h)
f , T (

 h)
g

]
− T

( h)
{ f,g }

‖ = O( h) ,  h→ 0 .

Hence f ∗ g defined by TfTg = Tf∗g yields a  h-deformation.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation



Mathematical dictionary Algebraic detour Geometric quantisation Kähler quantisation

Back to deformations

Actually Π = Π( h) (HI depends on  h). So Tf = T
( h)
f .

Theorem (Bordemann–Meinrenken–Schlichenmaier,
1994)

I ‖T ( h)f ‖ 6 ‖f‖L∞ , and ‖T ( h)f ‖ → ‖f‖L∞ as  h→ 0.
I One has

‖ i
 h

[
T
( h)
f , T (

 h)
g

]
− T

( h)
{ f,g }

‖ = O( h) ,  h→ 0 .

Hence f ∗ g defined by TfTg = Tf∗g yields a  h-deformation.

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)
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THANK YOU FOR YOUR
ATTENTION!

Gabriele Rembado Hausdorff Centre for Mathematics (HCM)

Geometric quantisation
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