
ONSAGER–MACHLUP FUNCTIONAL FOR SLEκ LOOP MEASURES

MARCO CARFAGNINI† AND YILIN WANG†

Abstract. We relate two ways to renormalize the Brownian loop measure on the Rie-

mann sphere. One by considering Brownian loop measure on the sphere minus a small

disk which is known as the normalized Brownian loop measure; the other one by tak-

ing the measure on simple loops induced by the outer boundary of the Brownian loops,

known as Werner’s measure. This result allows us to interpret the Loewner energy as an

Onsager–Machlup functional for SLEκ loop measure for any fixed κ ∈ (0, 4], and more

generally, for any Malliavin–Kontsevich–Suhov loop measure of the same central charge.

1. Introduction

Onsager–Machlup functionals were introduced in [12, 13] to determine the most proba-
ble path of a diffusion process and can be considered as a probabilistic analogue of the
Lagrangian of a dynamical system. For instance, let (Bt)0⩽t⩽1 be a standard real-valued
Brownian motion and ϕ be a smooth real-valued curve starting at the origin. Then

(1.1) lim
ε→0

P (max0⩽t⩽1 |Bt − ϕt| < ε)

P (max0⩽t⩽1 |Bt| < ε)
= exp (−O(ϕ)) ,

where O(ϕ) is the Onsager–Machlup functional with respect to the sup-norm. For a Brow-

nian motion O(ϕ) = 1
2

∫ 1

0
ϕ′(t)2dt is the Dirichlet energy of the curve ϕ. One can consider

(1.1) for different classes of stochastic processes, or smoothness of the curve ϕ, and finally
for tubes around the trajectories defined by different norms, see, [2, 3, 11, 17, 23]. A simple
change of variable gives for κ > 0,

(1.2) lim
ε→0

P (max0⩽t⩽1 |
√
κBt − ϕt| < ε)

P (max0⩽t⩽1 |
√
κBt| < ε)

= exp

(
−O(ϕ)

κ

)
.

Let νκ denote the law of
√
κB on the space C0([0, 1],R) of real-valued continuous functions

starting from zero. Then (1.2) can be restated as

(1.3) lim
ε→0

νκ (Dε(ϕ))

νκ (Dε(0))
= exp

(
−O(ϕ)

κ

)
,

where Dε(ϕ) denotes the ball of radius ε in C0([0, 1],R) with respect to the sup-norm
centered at ϕ ∈ C0([0, 1],R).

The goal of this work is to identify the Onsager–Machlup functional for SLEκ loop mea-
sures. SLE loop measure is a one-parameter family (indexed by 0 < κ ≤ 4) of infinite,

σ-finite measures on simple loops in the Riemann sphere Ĉ = C ∪ {∞}, which is moreover

invariant under conformal automorphisms of Ĉ (for 4 < κ < 8 the SLEκ loop measure is
supported on non-simple loops). It arises from scaling limits of critical lattice models and is

Date: September 2023.

1



2 CARFAGNINI AND WANG

constructed in [24] by Zhan as a natural loop analog of the chordal SLEκ curve connecting
two boundary points of a simply connected domain by Schramm [16]. See also an earlier
construction of the SLE2 loop measure [1]. The SLE loop measure exhibits more symmetries
as loops are considered unparametrized and do not have any distinguished marked point (as
opposed to the boundary points of chordal SLE).

To state our main theorem, let us first identify the set of neighborhoods in the space of
simple loops that we consider. Let γ be an analytic loop such that γ = f(S1) for some
conformal map f defined on Ar = {z ∈ C | r < |z| < 1/r} for some 0 < r < 1. For
0 < ε < 1− r, set Aε := A1−ε and let us consider the neighborhoods of S1 and γ given by

Oε(S
1) := {non-contractible simple loops in Aε} ,

Oε(γ) := {non-contractible simple loops in f(Aε)} .(1.4)

We call the sets of simple loops of the form Oε(γ) as admissible neighborhoods. We show
that such neighborhoods are not scarce, in fact, they form a basis of the topology on the

space of simple loops induced by the Hausdorff metric on Ĉ (Proposition 2.6).

The following is our main theorem.

Theorem 1.1. Let κ ≤ 4 and µκ be the SLEκ loop measure. For any analytic simple loop
γ and a collection of admissible neighborhoods (Oε(γ))0<ε≪1 defined as above, we have that

lim
ε→0

µκ (Oε(γ))

µκ (Oε(S1))
= exp

(
c(κ)

24
IL(γ)

)
,(1.5)

where c(κ) := (6 − κ)(3κ − 8)/2κ is the central charge of SLEκ and IL(γ) is the Loewner
energy of γ.

In other words, the functional c(κ)
24 IL can then be viewed as an Onsager–Machlup-like

functional for the SLEκ loop measure on the space of simple loops.

Remark. We note that SLEκ loop has the Loewner driving function
√
κB where B is a

two-sided standard Brownian motion on R, and IL(γ) is defined as the Dirichlet energy of
the driving function of γ as introduced in [15, 19]. In light of (1.3), a natural guess for the
asymptotics (1.5) would be

lim
ε→0

µκ (Oε(γ))

µκ (Oε(S1))
= exp

(
−IL(γ)

κ

)
.

Theorem 1.1 shows this guess is only true in the large deviation regime since c(κ) ∼ −24/κ
as κ → 0+, see [21] for a survey on large deviation principles of SLE. For 8/3 < κ ≤ 4,
c(κ) ∈ (0, 1] even has a different sign than −1/κ. Theorem 1.1 is expected heuristically,
given the expression of the Loewner energy in terms of determinants of Laplacians as shown
in [19] and the partition function of SLE [4]. The Loewner energy also appears in various
other context, see, e.g., [6, 18].

Remark. The proof of Theorem 1.1 only uses the fact that SLEκ loop measure is a
Malliavin–Kontsevich–Suhov loop measure (introduced in [7] and proved in [24] for SLE
loops) with central charge c(κ). It is not yet known if there is a unique (up to scaling)
Malliavin–Kontsevich–Suhov loop measure for a given central charge. A priori, our result
applies more generally to any Malliavin–Kontsevich–Suhov loop measure.
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Malliavin–Kontsevich–Suhov loop measure is characterized by a property, known as the
conformal restriction covariance, stated using the normalized Brownian loop measure Λ∗

introduced in [5]. Let V1 and V2 be two disjoint compact non-polar subsets of Ĉ, Λ∗(V1, V2) ∈
R is defined as a renormalization of total mass of loops intersecting both V1 and V2 under
Brownian loop measure1. See Section 2.1 for more details.

On the other hand, the Loewner energy for simple loops satisfies a similar conformal
restriction property stated with the Werner’s measure W introduced in [22]. Werner’s
measure is an infinite measure on simple loops and is obtained as the outer boundary of the
Brownian loops in C and coincides with a multiple of the SLE8/3 loop measure. We write
W(V1, V2) as the total mass of loops under Werner’s measure intersecting both V1 and V2.

More precisely, if γ is a simple loop with finite energy and f : A → f(A) is a conformal
map on an annular neighborhood A of γ, then [20, Theorem 4.1] shows

(1.6) IL(f(γ))− IL(γ) = 12W (γ,Ac)− 12W(f(γ), f(A)c),

where Ac := Ĉ \A.

A key step of the proof of Theorem 1.1 is to relate Λ∗(V1, V2) to W(V1, V2) and then use
the conformal restriction property for both SLE loop measure and Loewner energy.

Theorem 1.2 (See Lemma 2.2 and Corollary 2.4). In general, Λ∗(V1, V2) and W(V1, V2)
are not equal. For instance, let K be a non-polar compact set and {Kn}n∈N be a decreasing
family of compact non-polar subsets shrinking to a point and disjoint from K. Then

lim
n→∞

Λ∗ (K,Kn) = −∞, lim
n→∞

W (K,Kn) = 0.

However, let A be an annulus, γ ⊂ A be a simple loop, and f : A → f(A) be a conformal
map. Then we have that

W (γ,Ac)−W(f(γ), f(A)c) = Λ∗ (γ,Ac)− Λ∗(f(γ), f(A)c).(1.7)

See Theorem 2.3 for a more general result.

2. Brownian loop measure and Werner measure

2.1. Brownian loop measure. In this section, we recall definition and main features of
the Brownian loop measure on Brownian-type non-simple loops and Werner’s measure on
SLE8/3-type simple loops.

The Brownian loop measure µBL on the Riemann sphere Ĉ was introduced by Lawler
and Werner in [9] using an integral of weighted two-dimensional Brownian bridges, and its
definition can be easily generalized to any Riemannian surface. See, e.g., [20, Sec. 2]. For

an open set D ⊂ Ĉ, we write µBL
D for the measure µBL restricted to the loops contained in

D. The Brownian loop measure satisfies the following properties:

-Restriction invariance: if D′ ⊂ D, then dµBL
D′ (·) = 1·⊂D′ dµBL

D (·).

-Conformal invariance: if D and D′ are conformally equivalent domains in the plane, the
pushforward of µBL

D via any conformal map from D to D′, is exactly µBL
D′ .

1To relate to [7], the total mass of Brownian loop measure can be interpreted as − log detζ ∆ where ∆ is

the Laplace-Beltrami operator as pointed out in [4, 10].
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The mass of Brownian loops passing through one point is zero, therefore, we also consider
µBL as the Brownian loop measure on C. The total mass of loops contained in C is infinite
from both the contribution of big and small loops. To get rid of small loops, we consider
V1 and V2 two compact disjoint non-polar subsets of C, and let L (V1, V2) be the family of
loops in C that intersect both V1 and V2. But µBL (L (V1, V2)) is still infinite due to the
presence of big loops. In contrast, if D is a proper open subset of C with non-polar boundary
containing V1 and V2, then µBL

D (L (V1, V2)) is finite (since big loops in C will eventually hit
∂D and are not included in µBL

D ). We write

B(V1, V2;D) := µBL
D (L (V1, V2)) .

The normalized Brownian loop measure Λ∗ introduced in [5] is defined by

(2.1) Λ∗ (V1, V2) := lim
r→0

(
B (V1, V2; Dr(z0)

c)− log log
1

r

)
,

where z0 ∈ C and Dr(z0)
c = Ĉ\Dr(z0) = {z ∈ Ĉ | |z−z0| > r}. It was proved in [5] that the

limit (2.1) converges to a finite number if V1 and V2 are disjoint non-polar compact subsets

of Ĉ, and the value does not depend on the choice of z0. One can also choose z0 = ∞, then

(2.2) Λ∗ (V1, V2) = lim
R→∞

(B (V1, V2; DR)− log logR) ,

where DR := DR(0).

We remark and as Lemma 2.2 shows, Λ∗ is not induced from a measure in the sense that
Λ∗(V1, V2) cannot be written as the total mass of loops intersecting V1 and V2 under some
positive measure. Nonetheless, Λ∗(·, ·) satisfies Möbius invariance, that is,

Λ∗ (A(V1), A(V2)) = Λ∗ (V1, V2)

for any Möbius transformation A of the Riemann sphere. Moreover, we have the following
relation which follows directly from the definition.

Lemma 2.1. Let D′ ⊂ D be proper subdomains of C and K ⊂ D′ is a non-polar compact
set. Then

Λ∗(K,D′c) = Λ∗(K,Dc) + B(K,D \D′;D).

The Brownian loop measure has been used in describing the conformal restriction covari-
ance property of chordal SLE [8] while the ambient domain is the upper half-plane, hence
renormalization is not needed. While we consider variants of SLE on the Riemann sphere,
such as the case of whole-plane SLE in [5], the right normalization applied to Brownian loop
measure so that similar conformal restriction formula holds is given by Λ∗.

2.2. SLE loop measures and conformal restriction covariance. In [24], Zhan con-
structed the SLEκ loop measure and showed its conformal restriction covariance with central
charge c(κ) = (6 − κ)(3κ − 8)/2κ ≤ 1 for κ ≤ 4. More precisely, this means a consistent

family of measures (µκ
D)D on simple loops contained in a subdomain D ⊂ Ĉ which satisfies:

-Restriction covariance: for D ⊂ Ĉ, then

(2.3)
dµκ

D

dµκ
(·) = 1{·⊂D}Jκ (·, Dc) ,

where µκ = µκ
Ĉ
and Jκ (·, Dc) := exp

(
c(κ)
2 Λ∗ (·, Dc)

)
.
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-Conformal invariance: if D and D′ are conformally equivalent domains in the plane, the
pushforward of µκ

D via any conformal map from D to D′, is exactly µκ
D′ .

This property is a rewriting of the property of having a trivial section in the determinant
line bundle on space of simple loops as postulated in [7] by Kontsevich and Suhov, while
inspired by the works of Malliavin, and that is why we say that SLE loop measure is a
Malliavin–Kontsevich–Suhov measure. However, it is not known if there is a unique such
measure (up to scaling) for a given central charge except the case of κ = 8/3.

When κ = 8/3, we have c(κ) = 0. The restriction covariance becomes restriction invari-
ance, namely,

dµκ
D′(·) = 1·⊂D′ dµκ

D(·)

using Jκ ≡ 1 and Lemma 2.1. This measure has been first studied by Werner [22] prior to
the more general definition for other central charge in [7], often referred to as the Werner’s
measure. Werner showed that there exists a unique (up to a scaling) measure on simple
loops with the conformal and restriction invariance. We note that the same properties hold
for the Brownian loop measure except that the Brownian loops are not simple. Indeed,
Werner’s measure can be realized as the measure on the outer boundary of the Brownian
loops under µBL which pins down the scaling factor as well.

More precisely, if V1 and V2 are compact disjoint subsets of Ĉ, then we write

(2.4) W (V1, V2) := µBL ({loop δ | ∂δ ∩ V1 ̸= ∅, ∂δ ∩ V2 ̸= ∅})

which is finite as shown in [14, Lem. 4]. Here, ∂δ is the outer boundary of Brownian loop

δ, namely, the boundary of the connected component of Ĉ \ δ containing ∞. Intuitively,
one may view W(V1, V2) as another normalization of µBL (L(V1, V2)) since the big Brownian
loops will have outer boundary near ∞ which does not hit V1, V2.

2.3. Relation between Λ∗ and W. The main result of this section is Theorem 2.3, where
we prove a relation between the normalized Brownian loop measure Λ∗ and the correspond-
ing quantity W. Corollary 2.4 will then be used to describe the Onsager–Machlup functional
for SLEκ loop measures. First, we observe that although both Λ∗ and W normalize Brow-
nian loop measure, they do not equal each other. We add the short proof for completeness.

Lemma 2.2. Let K be a compact non-polar set and {Kn}n∈N be a decreasing family of
compact non-polar sets disjoint from K such that ∩n∈NKn is a singleton {p}. We have

lim
n→∞

Λ∗ (K,Kn) = −∞ and lim
n→∞

W (K,Kn) = 0.

Proof. By Lemma 2.1 we have that

Λ∗ (K,Kn)− Λ∗ (K,Kn+1) = B
(
K,Kn \Kn+1;K

c
n+1

)
< ∞,

and hence

Λ∗ (K,K1)− Λ∗ (K,Kn) =

n−1∑
k=1

B
(
K,Kk \Kk+1;K

c
k+1

)
= B (K,K1 \Kn;K

c
n) ,

and the latter diverges to +∞ as n → ∞. Hence limn→∞ Λ∗ (K,Kn) = −∞.
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By monotone convergence theorem,

lim
n→∞

W (Kn,K) = W

(⋂
n∈N

Kn,K

)
= W ({p},K) = 0.

The last equality holds since the probability of a two-dimensional Brownian motion hitting
a singleton is zero. □

Theorem 2.3. Let A be an annulus, and K ⊂ A be a connected compact subset not sepa-
rating the two boundaries of A, and f : A → f(A) be a conformal map. Then

W (K,Ac)−W(f(K), f(A)c) = Λ∗ (K,Ac)− Λ∗(f(K), f(A)c)(2.5)

Remark. It is easy to see that the proof of Theorem 2.3 also works when A is a simply
connected domain. In this case, K can be chosen to be any connected compact subset.

Proof. Let z0 ∈ A \ K be fixed, and ε be small enough such that Dε(z0) ⊂ A \ K. Let
I(z0) be a continuous smooth path in A (we call I(z0) a stick for short) connecting K to z0,
Iε(z0) = I(z0) \ Dε(z0), and define similarly Jε

1 (z0) and Jε
2 (z0) be two sticks disjoint from

Iε(z0), and connecting ∂Dε(z0) to the inner and outer boundary of A respectively. This is
possible since K does not disconnect the two boundary components of A.

We write W (K1,K2;D) for the total mass of Werner’s measure of loops in D intersecting
both K1 and K2. Using (2.4) one has
(2.6)

W

(
K ∪ Iε(z0), A

c ∪
2⋃

i=1

Jε
i (z0); Dε(z0)

c

)
= B

(
K ∪ Iε(z0), A

c ∪
2⋃

i=1

Jε
i (z0); Dε(z0)

c

)
,

since Dε(z0)
c is a simply connected domain with non-polar boundary and the sets K∪Iε(z0)

and Ac ∪
⋃2

i=1 J
ε
i (z0) are attached to the boundary of Dε(z0)

c. We can write (2.6) as

W (K ∪ Iε(z0), A
c; Dε(z0)

c) +W

(
K ∪ Iε(z0),

2⋃
i=1

Jε
i (z0); A \ Dε(z0)

)

= B (K ∪ Iε(z0), A
c; Dε(z0)

c) + B

(
K ∪ Iε(z0),

2⋃
i=1

Jε
i (z0); A \ Dε(z0)

)
,

and similarly

W (f(K ∪ Iε(z0)), f(A)c; f(Dε(z0))
c)

+W

(
f(K ∪ Iε(z0)),

2⋃
i=1

f(Jε
i (z0)); f(A \ Dε(z0))

)
= B (f(K ∪ Iε(z0)), f(A)c; f(Dε(z0))

c)

+ B

(
f(K ∪ Iε(z0)),

2⋃
i=1

f(Jε
i (z0)); f(A \ Dε(z0))

)
.

By conformal invariance of both Werner measure and the Brownian loop measure one has

W

(
K ∪ Iε(z0),

2⋃
i=1

Jε
i (z0); A\Dε(z0)

)
= W

(
f(K ∪ Iε(z0)),

2⋃
i=1

f(Jε
i (z0)); f(A\Dε(z0))

)
,
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B

(
K ∪ Iε(z0),

2⋃
i=1

Jε
i (z0); A\Dε(z0)

)
= B

(
f(K ∪ Iε(z0)),

2⋃
i=1

f(Jε
i (z0)); f(A\Dε(z0))

)
,

and hence by (2.6) it follows that

W (K ∪ Iε(z0), A
c; Dε(z0)

c)−W (f(K ∪ Iε(z0)), f(A)c; f(Dε(z0))
c)(2.7)

= B (K ∪ Iε(z0), A
c; Dε(z0)

c)− B (f(K ∪ Iε(z0)), f(A)c; f(Dε(z0))
c) .

Now we will get rid of the sticks I(z0). We decompose

W (K ∪ Iε(z0), A
c; Dε(z0)

c) = W (K,Ac; Dε(z0)
c) +W (Iε(z0), A

c; (Dε(z0) ∪K)c) ,

and (2.7) becomes

W (K,Ac; Dε(z0)
c)−W (f(K), f(A)c; f(Dε(z0))

c)(2.8)

+W (Iε(z0), A
c; (Dε(z0) ∪K)c)−W (f(Iε(z0)), f(A)c; f(Dε(z0) ∪K)c)

=B (K,Ac; Dε(z0)
c)− B (f(K), f(A)c; f(Dε(z0))

c)

+ B (Iε(z0), A
c; (Dε(z0) ∪K)c)− B (f(Iε(z0)), f(A)c; f(Dε(z0) ∪K)c) .

By monotone convergence it follows that

lim
ε→0

W (Iε(z0), A
c; (Dε(z0) ∪K)c) = W (I(z0), A

c; (K ∪ {z0})c) = W (I(z0), A
c; Kc) ,

(2.9)

lim
ε→0

B (Iε(z0), A
c; (Dε(z0) ∪K)c) = B (I(z0), A

c; Kc) .

(2.10)

Taking the limit as ε → 0, by (2.9) the left-hand-side of (2.8) becomes

W (K,Ac)−W (f(K), f(A)c) +W (I(z0), A
c; Kc)−W (f(I(z0)), f(A)c; f(K)c) .(2.11)

The right-hand side of (2.8) will give terms in Λ∗. Note that f(Dε(z0)) is comparable to
Daε(f(z0)) for a = |f ′(z0)| > 0 and ε small enough since f is a conformal map. We can
then write the right-hand-side of (2.8) as

B (K,Ac; Dε(z0)
c)− log log

1

ε
+ log log

1

aε
− B (f(K), f(A)c; f(Dε(z0))

c)

+ B (Iε(z0), A
c; (Dε(z0) ∪K)c)− B (f(Iε(z0)), f(A)c; (f(Dε(z0)) ∪ f(K))c)

+ log
log ε

log a+ log ε
,

and if we take the limit as ε → 0 we get

Λ∗ (K,Ac)− Λ∗(K, f(A)c) + B (I(z0), A
c; Kc)− B (f(I(z0)), f(A)c; f(K)c) ,(2.12)

by the definition of Λ∗ and (2.10).

Finally, let (zn) be a sequence going to K along I(z0). The above results replacing I(z0)
by I(zn) being the path from zn to K along I(z0) still hold. By monotone convergence we
have that

W (I(zn), A
c; Kc)

n→∞−−−−→ 0.

Similarly for W (f(I(zn)), f(A)c; f(K)c), B (I(zn), A
c; Kc) and B (f(I(zn)), f(A)c; f(K)c).

We obtain that

W (K,Ac)−W (f(K), f(A)c) = Λ∗ (K,Ac)− Λ∗(K, f(A)c)

from the equality between (2.11) and (2.12) which concludes the proof. □
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Corollary 2.4. Let γ be a non-contractible simple loop separating the two boundaries of an
annulus A. Then

(2.13) Λ∗(γ,Ac)− Λ∗(f(γ), f(A)c) = W(γ,Ac)−W(f(γ), f(A)c).

for any conformal map f : A → f(A).

Proof. We parametrize γ continuously by [0, 1] such that γ(0) = γ(1). Let Kn := γ([0, 1−
1/n]) and Rn := γ([1 − 1/n, 1]). Then Kn is a compact connected set not separating the
two boundaries of A. Hence by (2.5) one has that, for any n ∈ N,

W (Kn, A
c)−W(f(Kn), f(A)c) = Λ∗ (Kn, A

c)− Λ∗(f(Kn), f(A)c).

From monotone convergence we have

lim
n→∞

W (Kn, A
c) = W (γ,Ac) and lim

n→∞
W(f(Kn), f(A)c) = W (f(γ), f(A)c) .

For the normalized Brownian loop measure, Lemma 2.1 shows

Λ∗ (γ,Ac)− Λ∗ (Kn, A
c) = B

(
Rn, A

c; Ĉ \Kn

)
.

Monotone convergence and the restriction invariance of Brownian loop measure shows

lim
n→∞

(Λ∗ (γ,Ac)− Λ∗ (Kn, A
c)) = B

(
{γ(1)}, Ac; Ĉ \ γ

)
= 0.

Similarly, limn→∞ Λ∗(f(Kn), f(A)c) = Λ∗(f(γ), f(A)c). This completes the proof. □

2.4. A basis of Hausdorff topology on the space of simple loops. In this section we
prove that the set of admissible neighborhoods (1.4) is a basis for the Hausdorff topology.

Definition 2.5. The Hausdorff distance dh of two compact sets K1,K2 ⊂ Ĉ is defined as

dh (K1,K2) := inf
ε⩾0

{
K1 ⊂

⋃
x∈K2

Bε(x) and K2 ⊂
⋃

x∈K1

Bε(x)

}
,

where Bε(x) denotes the ball of radius ε around x ∈ Ĉ with respect to the round metric.

The space C of non-empty compact subset of Ĉ endowed with the Hausdorff distance is a
compact metric space. We then endow the space of simple loops SL ⊂ C with the relative
topology induced by dh.

Proposition 2.6. The set of admissible neighborhoods given by (1.4) is a basis for the
Hausdorff topology on SL.

Proof. We show that any open set OH for the Hausdorff topology on SL is a union of
admissible neighborhoods. Let γ ∈ OH , Ω the bounded connected component of C \ γ and
Ωc the unbounded connected component.

For this, let us denote by γ1+δ := f+(S1+δ) and γ1−δ = f−(S1−δ) two equipotentials on
the two sides of γ, where 0 < δ < 1/2, Sr = {z ∈ C | |z| = r}, f+ is a conformal map
Dc → Ωc and f− a conformal map D → Ω. We write Yδ for the doubly connected domain
bounded by γ1+δ and γ1−δ. We now fix a small enough δ such that all non-contractible
loops η ⊂ Yδ are in OH . By the uniformization theorem for doubly connected domains,
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there exists 0 < r < 1 and a conformal map f : Ar → Yδ. Since f−1(γ) is compact, there
exists a small ε < 1− r such that Aε := A1−ε contains f−1(γ). Since Aε ⊂ Ar, the set

Oγ := {non-contractible simple loops in f(Aε)}
is an admissible neighborhood contained in OH and containing γ. We obtain that OH =⋃

γ∈OH
Oγ and the set of admissible neighborhoods is a basis for the Hausdorff topology. □

3. Onsager–Machlup functional for SLE loop measures

The aim of this section is to prove Theorem 1.1. We begin with the following Lemma. Re-
call that W (K1,K2;D) ≥ 0 is the total mass of Werner’s measure of loops in D intersecting
both K1 and K2, and Dr = {z ∈ C | |z| < r}.

Lemma 3.1. Let K ⊂ D be a compact set and 0 < ε ≪ 1 such that K ⊂ D1−ε. Then

(3.1) lim
ε→0

W (K,D \ D1−ε;D) = 0.

Proof. Since Werner’s measure is the measure of the outer boundary of Brownian loops, we
have that

W (K,D \ D1−ε;D) ≤ B (K,D \ D1−ε;D) .

Using the decomposition of Brownian loop measure into Brownian bubble measure mD,z

introduced in [9], see, e.g., [5, Section 2.1.3] of Brownian bubbles in D rooted at z ∈ ∂D,
we have that

B (K,D \ D1−ε;D) =
1

π

∫ 2π

0

∫ 1

1−ε

mDr,reiθ ({bubbles intersecting K}) rdrdθ.

Since mDr,reiθ ({bubbles intersecting K}) is uniformly bounded for r ∈ (1 − ε, 1] and θ ∈
[0, 2π). The limit (3.1) follows. □

Fix 0 < r < 1. Recall that we write Ar := {z ∈ C | r < |z| < r−1} and Sr := {|z| = r}.

Lemma 3.2. Let f be a conformal map A := Ar → Ã and γ = f(S1). For ε ≪ 1 − r, let

Aε := A1−ε ⊂ Ar and Ãε = f(Aε). Then

sup
η⊂Aε

W (η,Ac) , inf
η⊂Aε

W (η,Ac)
ε→0+−−−−→ W (S1, A

c)

sup
η̃⊂Ãε

W(η̃, Ãc), inf
η̃⊂Ãε

W(η̃, Ãc)
ε→0+−−−−→ W(γ, Ãc).

Here and below, by η ⊂ Aε we always mean a non-contractible simple loop η in Aε.

Proof. To show the first limit, for η ⊂ Aε we write Ω for the bounded connected component
of C \ η and Ωc the unbounded component. We have

|W (η,Ac)−W (S1, A
c) | ≤W

(
η ∩ Dc, S1/r;Dc

)
+W (η ∩ D, Sr;D)(3.2)

+W
(
S1 ∩ Ωc, S1/r; Ω

c
)
+W (S1 ∩ Ω, Sr; Ω) .

See Figure 1. We can bound these terms:

W
(
η ∩ Dc, S1/r;Dc

)
≤ W

(
S1/(1−ε), S1/r;Dc

)
= W (S1−ε, Sr;D) ,

W (η ∩ D, Sr;D) ≤ W (S1−ε, Sr;D) ,
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S1/r

Sr

S1/(1−ε)

S1−ε
S1

η

1

4

3

2

Figure 1. The Werner’s measure terms (in orange) on the right-hand-side of
(3.2) numbered in order.

W
(
S1 ∩ Ωc, S1/r; Ω

c
)
≤ W

(
S1, S1/r;Dc

1−ε

)
≤ W (S1−ε, Sr;D) ,

W (S1 ∩ Ω, Sr; Ω) ≤ W
(
S1, Sr;D1/(1−ε)

)
≤ W (S1−ε, Sr;D) .

We note that W (S1−ε, Sr;D) = W (Dr,D \ D1−ε;D). Using Lemma 3.1 and the conformal
invariance of Werner’s measure, we have that the four bounds above converge to 0 as ε → 0
which concludes the proof of the first limit.

The second limit follows similarly. □

Now we can prove our main theorem.

Proof of Theorem 1.1. Recall that we use the notations A := Ar, Ã = f(Ar), Aε = A1−ε,

and Ãε := f(Aε), γ = f(S1) and

Oε(γ) :=
{
non-contractible simple loops in Ãε

}
.

We write J = Jκ. By conformal restriction (2.3) and conformal invariance we have

µκ(Oε(γ)) =

∫
1{η̃⊂Ãε}dµ

κ(η̃) =

∫
1{η̃⊂Ãε}

(
dµκ

Ã

dµκ
(η̃)

)−1

dµκ
Ã
(η̃)

=

∫
1{η̃⊂Ãε}J(η̃, Ã

c)−1dµκ
Ã
(η̃) =

∫
1{η⊂Aε}J(f(η), Ã

c)−1dµκ
A(η)

=

∫
1{η⊂Aε}

J(η,Ac)

J(f(η), Ãc)
dµ(η).

By Corollary 2.4 we have that

J(η,Ac)

J(f(η), Ãc)
= exp

(
c(κ)

2
Λ∗ (η,Ac)− c(κ)

2
Λ∗(f(η), Ãc)

)
= exp

(
c(κ)

2
W (η,Ac)− c(κ)

2
W(f(η), Ãc)

)
.(3.3)
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It follows from Lemma 3.2 that

sup
η⊂Aε

(
W (η,Ac)−W(f(η), Ãc)

)
ε→0+−−−−→ W (S1, A

c)−W(γ, Ãc),

inf
η⊂Aε

(
W (η,Ac)−W(f(η), Ãc)

)
ε→0+−−−−→ W (S1, A

c)−W(γ, Ãc).

By (1.6), the limit above equals IL(γ)/12 since IL(S1) = 0.

Hence, we have

µκ(Oε(γ))

µκ(Oε(S1))
=

∫
1{η⊂Aε}

J(η,Ac)

J(f(η),Ãc)
dµ(η)∫

1{η⊂Aε}dµ(η)

ε→0+−−−−→ exp

(
c(κ)

24
IL(γ)

)
which completes the proof. □
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